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5_( , Abstract. In this paper, we explore the structure of limit space for a 

C^H' sequence of Riemannian manifolds with Bakry-Emery Ricci curvature 

■^^ , bounded from below in Gromov-Hausdorff topology. We will extend the 

vQ ' techniques established by Cheeger and Cloding in [CCl] and [CC2] for 

Riemannian manifolds with Ricci curvature bounded from below to our 
case. We prove that each tangent space at a point of the limit space 
is a metric cone. We also analyze the singular structure of limit space 
as in [CCT]. Our results will be applied to study the limit space for 
a sequence of Kahler metrics arising from solutions of certain complex 
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ri ' Monge- Ampere equations for the existence problem of Kahler-Ricc soli- 
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ton on a Fano manifold via the continuity method [TZl], [TZ2]. 
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0. Introduction 

In a series of papers [CCl], [CC2], [CC3], Cheeger and Colding studied 
the singular structure of limit space for a sequence of Riemannian manifolds 
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with Ricci curvature bounded from below in Gromov-Hausdorff topology. 
As a fundamental result, they proved the existence of metric cone structure 
for the tangent cone on the limit space [CC2]. Namely, 

Theorem 0.1. ([CC2]) Let {Mi,gi;pi) be a sequence of n-dimentional Rie- 
mannian manifolds which satisfy 

RicM,{9i) > -{n - l)Ps? Qi and volg^{Bp^{l)) > v > 0. 

Then {Mi,gi;pi) converge to a metric space {Y;poo) in the pointed Gromov- 
Hausdorff topology. Moreover, for any y £ Y, each tangent cone TyY is a 
metric cone over another metric space whose diameter is less than vr. 

Based on the above theorem, Cheeger and Colding introduced a notion 
of S'fc-typed (k < n — 1) singularities of the limit space Y as follows. 



Definition 0.2. Let {Y;poo) be the limit of {Mi,gi;pi) as in Theorem \0.1\ 
We call y G (Y;poo) a Sk-typed singular point if there exists a tangent cone at 
y which can be split out an euclidean space M.^ isometrically with dimension 
at most k. 

As an application of Theorem 10. II to appropriate tangent cone space TyY, 
Cheeger and Colding showed that dimension of set S^ is less than k [CC2]. 
After that, the important work was made by Cheeger, Colding and Tian 
[CCT], and Cheeger [C3] to determine which kind of singularities can be 
excluded in the limit space Y under certain curvature condition for the 
sequence of {Mi,gi). For example, Cheeger, Colding and Tian proved 

Theorem 0.3. ([CCT]) Let {Mi,gi;pi) be a sequence of n- dimensional man- 
ifolds and (Y,poo) its limit as in Theorem \0.1[ Suppose that the integrals 

volg,{BpA^)) J B^^ii) 
are uniformly bounded. Then for any e > 0, the following is true: 

dim{Bp^{l)\R,)<n-A, if p = 2 

and 

^""'^(^Poc(l) \ i?e) < OO, i/ 1 < p < 2, 

where R^ consists of points yinY which satisfy 

distGH{Byil),Boil))<e 

for the unit ball Bq{1) inW^ and a unit distance ball By{l) in some tangent 
cone TyY. 
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The purpose of the present paper is to extend the above Cheeger-Colding 
theory in Bakry-Emery geometry. Specifically, we analyze the structure 
of Gromov-Hausdorff limit for a sequence of n-dimentional Riemannian 
manifolds with Bakry-Emery Ricci curvature bounded below in the class 
M{A,A,v) defined by 

A4{A,A,v) = {{M,g;p)\ M is a complete Riemannian manifold which satisfy 

RicMio) + liess(/) > -(n - l)A'^g, 
volgiBpil)) >v>0, and \Vf\g < A}. 

Here / is a smooth function on M and hess(/) denotes Hessian tensor of /. 
-RiCM (5') + hess(/) is called the Bakry-Emery Ricci curvature associated to / 
[BE]. For simplicity, we denote it by Ric^j{g). Clearly, M.[A,K,v) consists 
of compact Ricci solitons [Ha], [TZh]. We show that both Theorem 10.11 and 
Theorem 10.31 still hold for a sequence in M{A,K,v) (cf. Section 4, 5). 

As in [CCl], we shall establish various integral comparison theorems of the 
gradients and Hessians between appropriate functions and coordinate func- 
tions or distance functions on a Riemannian manifold with Bakry-Emery 
Ricci curvature bounded below. We will use /-harmonic functions to con- 
struct those appropriate functions instead of harmonic functions (cf. Sec- 
tion 2). Another technique is to generalize the segment inequality lemmas 
in [CCl] to our case of weighted volume form (cf. Lemma 13.31 Lemma 
13.41 Lemma l3.5p so that Cheeger's triangle lemmas in [C2] are still true on 
a Riemannian manifold with Bakry-Emery Ricci curvature bounded below 
(cf . Lemma 13.21 Lemma 14. 4p . These triangle lemmas are crucial in proofs 
of the splitting theorem and the metric cone theorem (cf. Theorem 13. H 
Theorem 14. 3p . 

Another motivation of this paper is to study the limit space for a se- 
quence of Kahler metrics (74 . arising from solutions of certain complex Monge- 
Ampere equations for the existence problem of Kahler-Ricci soliton via the 
continuity method [TZl], [TZ2]. We show that such metrics are naturally be- 
longed to M.[A,v,h). As a consequence, for any sequence {gti} there exists 
a subsequence which converges to a metric space with complex codimention 
of singularities at least one in Gromov-Hausdorff topology (cf. Theorem [621 
Section 6). Furthermore, in addition of assumption that such metrics are 
weak almost Kahler-Ricc solitons (cf. Theorem 16. 7p . we prove 

Theorem 0.4. Suppose that {gtj} is a sequence of weak almost Kahler- 
Ricci solitons on a Fano manifold M . Then there exists a subsequence of 
{gti} which converges to a metric space {Moo, goo) in the Gromov-Hausdorff 
topology. The complex codimension of singularities of M^o is at least two. 
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As a corollary of Theorem 10.41 we show that there exists a sequence of 
weak almost Kahler-Ricc solitons on M which converges to a metric space 
(Moo, goo) with complex codimension of the singular part of (Moo, goo) at 
least two in Gromov-Hausdorff topology if the modified Mabuchi iC-energy 
defined in [TZl] is bounded from below. In a sequel of paper, we will further 
confirm that the regular part of (Moo,5oo) is in fact a Kahler-Ricc soliton 
by using Ricci flow method as done in a recent paper by Wang and Tian 
[WT]. 

The organization of paper is as follows. In Section 1, we first recall the 
volume comparison theorem by Wei and Wylie. Then we prove a version of 
Li-Yau typed gradient estimate for /-harmonic functions when Bakry-Emery 
Ricci curvature is bounded from below. In Section 2, we give various integral 
estimates for gradients and Hessians of /-harmonic functions. In Section 3 
and Section 4, we will prove the splitting theorem (cf. Theorm l3.ip and the 
metric cone theorem (cf. Theorem 14. Sh . respectively. In Section 5, we give 
a generalization of Cheeger-Colding-Tian's Theorem 10.31 in the setting of 
Bakry-Emery geometry (cf. Theorem 15. 4p . In Section 6, we prove Theorem 
16.21 and Theorem 16.71 Section 7 is an appendix where we explain how to use 
the technique of conformal transformation in [TZh] to give another proof of 
Theorem 16.21 and Theorem 16.31 Section 8 is another appendix where ()6.10p 
in Section 6 is proved. 

Acknowledgements. The authors would like to thank Professor Gang 
Tian for many valuable discussions. 

1. Volume comparison and the gradient estimate 

The notion of Bakry-Emery Ricci curvature Ricj^,j{g) associated to a 
smooth function / on a Riemannian manifold (M, g) was first appeared 
in [BE]. Related to the conformal geometry, one can introduce a weighted 
volume form and a /-Lapalace operator associated to / on {M,g) as follows, 

dv^ = e'^dv and A-^ = A - (V/, V). 

Then A-* can be extended a self-adjoint elliptic operator under the following 
weighted inner product, 

{u,v) = / uvdvf, y u,v e L'^{M). 
Jm 

That is 

/ A-'uvdv^ = / (Vii, Vi')(iv' = / A-'vudv. 
Jm Jm Jm 

The divergence theorem with respect to A-' is 

/ A-'udy' = / {Vu,n)e~-' da, 
Jn Jdn 
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where fi is a domain in M with piece-wise smooth boundary, n denotes the 
outer unit normal vector field on d^ and da is an induced area form of g on 

Let r = r{q) = dist(p, g) be a distance function on {M,g). In [WW], Wei 
and Wylie computed /-Laplacian for r and got the following comparison 
result under Bakry-Emery Ricci curvature. 

Lemma 1.1. ([WW]) Let {M,g) be a complete Riemannian manifold which 
satisfies 

(1.1) Rici,ig)>-{n-l)A^g. 
Then 

(1.2) A^r < (n-l + 4yl)AcothAr, if\f\<A, 
and 

(1.3) A^r < (n - 1)A coth Ar + A, if | V/| < A. 

As an application of Lemma 11.11 Wei and Wylie proved the following 
weighted volume comparison theorem. 

Theorem 1.2. ([WW]) Let {M,g) be a complete Riemannian manifold 
which satisfies lil.l]) . Then for any < r < R, 

^ ' volf{B,{R)) - vofl^'\B{R)y ^ '^' - ' 

and 

voU{Bp[R)) volj^{B{R)) 

where vol'^{B{r)) denotes the volume of geodesic ball B{r) with radius r in 
m- dimensional form space with constant curvature —A. 

The proof of Theorem 11.21 depends on a monotonic formula for the weight- 
ed volume form as follows. 

By choosing a polar coordinate with the origin at p, we write 

e~^dY = A^{s,e)dsAd6. 

Then 

-^Af(s,e) = Af(s,e)Afr. 
as 

In case that |V/| < A, it follows from (jl.3p . 

(1.6) ^Afis,0)<Af{s,0)lA^Air), 

as 
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where /a,a(^) = {n — l)Acoth Ar + A. Thus if we put 
(1-7) LA,A{r) = e^X- 



4 sinhAr _i 



A ' ' 
which is a solution of equation, 

(1.8) —^— = Ia,a, — f— j > 1 as r ^ 0, 

La,a r"-i 

p.6p is equivalent to the following monotonic formula, 

no^ ^/(b,g) ^ LA,A(fe) 

(1-9) TTl — 7TT ^ T TT' V > a. 

^/(a,e) LA,A(a) 

By a simple computation, we get (jl.Sp from ()1.9p . Similarly, we can obtain 
Another important formula is the so-called Bochner-typed identity, 

2 ' ' 

(1.10) = |hess n|2 + {Vu, VA^n) + Ric{{Vu, Vu), V u e C°°(M). 

By (ll.lOp and Lemma 11.11 we derive the following Li-Yau typed gradient 
estimate for /- harmonic functions on {M,g). 

Proposition 1.3. Let u > be a f -harmonic function defined on the unit 
distance ball Bp{l) C {M,g), i.e. 

A^u = 0, in Bp{l). 

Suppose that 

(1.11) RicliM) > -{n - l)A'^g, and \Vf\ < A. 
Then 

(1.12) |Vn|^ < (CiA + C2A^ + Cs)^^ in Bp{l/2), 
where the constants Ci (1 < i < 3) depend only on n. 

Proof. The proof is standard as in the case / = for a harmonic function 
(cf. [SY]). In general, let v = \d.u. Then 

A^^ = A^ - (V/, Vv) = V{—)- (V/, — ) 

u u 

(1.13) .^_^_(V/,^"^ l^"l' 
Note that 



9 \ ^ J f / 9 

u W^ u w^ 



|hess v\ > 



n 
and 

,2^ l^^^l ^ .2 



A^';;P 
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where Q = |Vf p. Thus applying (jl.lOp to u , we get 

(1.14) Ia^Q > ^ - -CiA^Q + {Vv, VQ) - K^Q. 
2, In n 

Choose a decreasing cut-off function r]{t) on t G [0, cxd] such that 
ri{t) = 1 if t <-;</. = if t > 1; 
-C72r?5 <r?', ift>^; 

Then if let (j) = ^(^("jP))) 

|v0|2</.-i < d 

and by Lemma ll.ll 

(1.15) A^(/) = A^r/(r) > -C3(A + A). 
Hence, by (J1.14p . we obtain 

A^(</)Q) = A((/>Q) + (V/,V(</.Q)) 

= (/.A-^Q + QAf(P + 2(Vg, V(/.) 

> (/.(^ - {-CiA^ + 2A2)Q) - Cz{A + A)Q 
n n 

(1.16) +2(Vw,VQ)+2(VQ,V(/<). 

Suppose that {Q(p){q) = max^./jQc/'} for some g G M. Then at this point, 
it holds V(Q(/>) = 0. It foUows that 

<P 

and 

KVQ,V</.)| = ^|V</.|2<C|Q. 
Also 

\{VQ,Vv)\ < Q^r^ < C2Q50-i 

Therefore, by applying maximum principle to (j)Q at the point q, we get from 

dLED, 

,Q' 2 



'2(h 2' 



> (()(- CiA^Q - 2C2Q 

n n 

-C3iAQ + A)-2C2Q. 
As a consequence, we derive 

(f>Q < i(f)Q)iq) < C4A + C5A2 + Ce, on B„(l). 
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This proves the proposition. D 

As an apphcation of Proposition 11.31 we are able to construct a cut-off 
function with bounded gradient and /-Lapalace. Such a function will be 
used in the next section. 

Lemma 1.4. Under the condition lil.ll]) in Proposition \ 1.31 there exists a 
cut-off function (j) supported in Bp[2) such that i) (j) = 1, in Bp{l); ii) 

\V^l\Af^\<Cin,A,A). 

Proof. We will use an argument from Theorem 6.33 in [CCl]. First we 
consider a solution of ODE, 

(1.17) G" + G'l = 1, on [1,2], 

with G(l) = a and G(2) = 0. It is easy to see that there is a number 
a = a{n, A, A) such tha G' < 0. Then by (jl.Sp . we have 

AfG{d{.,p)) > 1. 

Let w he a solution of equation, 

A^u; = i, mBp{2)\B;{l), 

with w = 1 on dBp{l) and w = on dBp{2). Thus by the maximum 
principle, we get 

„>g''"-'')). 

a 
Secondly, we choose another function H with H' > which is a solution 
of ODE, 

(1.18) H" + H'l = l, on [0,oo), 
with H{0) = 0. Then by ([L3]), we have 

A-' H{d{.,x)) < 1, for any fixed point x. 

Thus by the maximum principle, we get 

H{d{y,x)) H{d{x,p)-l) 
w{y) < max{l , 0} 



for any y in the annulus Ap{l, 2) = Bp{2) \ Bp{l). It follows 

w{x) < max{l - l^M^lZlzil^o}, V x G AJl,2). 

a 

Now we choose a number r]{n, A, ^4) such that — — — > 1 — — and we 

define a function iIj{x) on [0, 1] with bounded derivative up to second order, 
which satisfies 
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and 

ip{x) =0, if X < max{l ^^ ^, 0}. 

a 

It is clear that (j) = ip o w is constant near the boundary of ^p(l, 2). So we 

can extend 4> inside Bp{l) by setting (/> = !. By Proposition 11.31 one sees 

that |V(/>| is bounded by a constant C(n, A, A) in B2{p). Since 

A^0 = V"|Vw|^ + t^'A^w, 

we also derive that |A-^(/)| < C{n,A,A). D 

2. L^-InTEGRAL ESTIMATES FOR HeSSIANS OF FUNCTIONS 

In this section, we establish various integral comparisons of gradient and 
Hessian between appropriate /-harmonic functions and coordinate functions 
or distance functions. We start with a basic lemma about a distance function 
along a long approximate line in a manifold. 

Lemma 2.1. Let {M,g) be a complete Riemannian manifold which satisfies 

(2.1) Ric^ig) > --^5 and I/I < A. 
Suppose that there are three points p,q^,q^ in M which satisfy 

(2.2) d{p,q+)+d{p,q~)-d{q+,q')<e 
and 

(2.3) d{p,q+),d{p,q-)>R. 
Then for any q G Bp{l), the following holds, 

E{q) := d{q, q+) + d{q, g") - d{q+,q-) < *(e, -; A, n), 

where the quantity ^(e, ■^; A, n) means that it goes to zero as e, -^ go to zero 
while A, n are fixed. 

Proof. Let 

(2.4) [(■s) = ("--l + 4^)-coth4- 

K R, 

For given t > 0, we construct a function G = Gt{s) on [0,t] which satisfies 
the ODE, 

(2.5) G" + l{s)G' = l,G'{s) <0, 

with G(0) = +00 and G{t) = 0. Then G{s) ~ s^-"-^^ (s ^ 0). Further- 
more, by (jl.2p in Lemma ll.H we have 

(2.6) A^Gidix, .)) = G'A^d{x, .) + G" > G" + G'l{s) = 1. 
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By Lemma [LTJ 

(2.7) A'Ei,) < '"'"-; + ^> := . 

Claim 2.2. For any < c < 1 , 

E{q) < 2c + bGiic) + e, if bGi{c) > e. 

Suppose that the claim is not true. Then there exists point qq £ Bp{l) 
such that for some c, 

Eiqo) >2c + 6Gi(c) + e. 

We consider u{x) = bGi{d{qQ,x)) — E{x) in the annulus Aq^{c, 1). Clearly, 

A^n > 0. 

Note that we may assume that p G Aq(,(c, 1). Otherwise d{qo,p) < c and 
E{qo) < E{p) + 2c, so the claim is true and the proof is complete. On the 
other hand, it is easy to see that on the inner boundary dBqg{c), 

u{x) = bGi{c) - E{x) < bGi{c) - E{qo) - 2c < -e, 

and on the outer boundary dBq{l), 

u{x) = -E{x) < 0. 

Thus applying the maximum principle, it follows that u{p) < 0. However, 

u{p) = bGi{d{p,qo)) - E{p) > bGiic) - e, 

which is impossible. Therefore, the claim is true. 

By choosing c with the order 6"-i+4^ in Claim [221 we prove Lemma |2.1[ 

D 

Let b^{x) = di^q'^ , x) — d{q^ , p) and let h~^ be a /-harmonic function which 
satisfies 

A^/i+ = 0, in Bp{l), 

with h+ = b+ on dBp{l). Then 

Lemma 2.3. Under the conditions in Lemma \2. 1\ with |V/| < A, we have 

(2.8) |/i+-6+bo(B^(i))<^(l/i?,e;A), 

(2-9) -IfWT^ [ \^h+-Vb+\'e-fdv<^{l/R,e;A), 

vol{Bp{l)) ^5^(1) 

(2-10) -IT^TTT. I \hessh+\''e-Uv<^{l/R,e-A). 

vol{Bp{^)) Jb^(\) 
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Proof. Choose a point q in dB,p{2) and let g = (p{d{q,-)), where if is a 
solution of (j2.5p restricted on the interval [1,3]. Then 

(2.11) A^g = ip'A^r + ip" > <f'l + ip" = 1, in Bp{l). 

It follows that 

A^(/i+ - 6+ + ^(1/i?, e; A)g) > 0, in Bp{l). 

Thus by the niaxiniuni principle, we get 

h+ -b+ < ^(l/i?,e;.4). 

On the other hand, we have 

A^{-b- - /i+ + "^{l/R, e; A)g) > 0, in Bp{l), 

where b^ = d{q~ ,x) — d{p, q~). Since 6+ + 6^ is small as long as 1/R and e 
are small by Lemma |2. 11 by the maximum principle, we also get 

h+ -b+ > -(6+ + b-) - ^(1/i?, e; A) > -*(l/i?, e; A). 

For the second estimate (12. 9p . we see 

|V/i+ - V6+pe-^(iv 

Bp(l) 

(/i+ - 6+)(A^6+ - A^/i+)e~^dv 

Bp(l) 

and 



<^{l/R,e;A) I | A-^6+|e"-''dv. 



|A^6+|e"^(iv 
Bp(i) 

< I / ^fb+e-fdv\ + 2e^sup« (i)(A^6+)vol(Bp(l)) 

< e\o\{dBp{l)) + C7(A)vol(5p(l)) 

< C7'(^)vol(i?p(l)). 

Here we used (|1.9p at the last inequality. Then (j2.9p follows. 

To get (j2.10p . we choose a cut-off function ip supported in Bp{l) as con- 
structed in Lemma 11.41 Since 

A-^(|V/i+|2-|V6+|2) 
= |hess /i+|2 + Ric^{Vh+, V/i+), 
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multiplying both sides of the above by ipe~-^dy and using integration by 
parts, we get 

/ (/7|Hess /i+pe~-^(iv 

JBp{1) R JBp(1) 

Note that |V/i"^| is locally bounded by Proposition [L3l we derive (j2.10p from 
(j2.9p immediately. D 



Next, we construct an approximate function to compare the sqaure of a 
distance function with asymptotic integral gradient and Hessian estimates. 
Such estimates are crucial in the proof of metric-cone theorem in Section 4. 

Let q £ M and h he a solution of the following equation, 

h2 2 

(2.12) A^h = n, in Bg{b) \ Bp{a), h\dBq{b) = — and h\dBq{a) = —. 

Let p = ^2 • Then 

Lemma 2.4. Let {M,g) be a complete Riemannian manifold which satisfies 

Ric^uia) ^ -("- - l)e^^^5 o^t? |V/| < eA. 
Let a < b. Suppose that 

(2.13) -^;("^-(^))>(i-.)^^a4^ 

for som,e a; > 0, where LeA,eAi'r') is the function defined by (fj.?] ) with respect 
to the constants eA and eA. Then 

(2.14) ^ I \Vp - Vh\\-fdv < ^{u, e; A, A, a, b), 
vol{A{a,b)) JAg(a,b) 

where Aq{a,b) = Bq{b) \ Bp{a). 

Proof. Since 

A^r <{n- l)eAcoth(eAr) + eA = kh.eA, 
we have 

(2.15) A^p = p"+p'A^r < n + ^(e;A,^,a,6), in^(a,6). 
Thus we get 

(2-16) ,,/, ,,, / AV~^dv<e-^W(n + ^(6;A,Aa,6)). 

V0l(^g(0,6)) JA{a,b) 
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On the other hand, by the nionotonicity formula (ll.9p . we have 
IaL.A,Mds ^^^,^ ^ vol/(A(a,^)) < ^^^'^^'f]'\ olf{dB,ia)). 

It follows by (|233]) . 

volf {Ma,b)) < (l-a;)-^ ^%^^'^^.^,y% ol^(ai3,(5)). 

-t-eA,eA(OJ 



Since 



we get 



f Afpe-^dv = bvo\^dBg{b)) - avolf{dBq{a)), 

J Aq(a,b) 



A-'pe ■'dv 



vo 



\^{Aq{a,h)) JA{a,b) 

Observe that vol'^ is close to e~-^('^)vol and ^'^;^^i is close to a constant as 
e is small. Hence we derive immediately, 

(2-17) ^ttV^tt / A^pe-/dv>e-/(0)(n + ^(^,e;A,Aa,6)). 

vol(Ag(a,6)) JAq{a,b) 

By (I2J6I1 and (fZTTj) . we have 

I / (A-^p-n)e~'^dv| < vol(^g(a,6))^(a;,e; A,y4,a,6). 

J Aq(a,b) 

Then one can follow the argument for the estimate ()2.9p in Lemma 12.31 to 
obtain (l2l4]l . 

D 

Furthermore, we have 
Lemma 2.5. Under the condition in Lemma \2.4\ it holds 
— 7^—r—, TTT / \hess h — g\ e~' dv 

V0l{Ag{a2,b2)) JA{a2,b2) 

(2.18) < ^(a;,e;A,yl,ai,6i,a2,62,a,6), 

where a < oi < 02 < 62 < ^i < &• 
Proof. First observe that 

— — — - / |hess /i — 5rpe~-^dv 

vol(Ag(a,6)) yA,(a,fe) 

= — FTT^^ITT / |hesshpe-^dv+ / (n - 2A/i)e--^v. 

V0l(^q(0, 6)) Jyl,(a,fe) V0l(^q(a, 6)) 7A,(a,b) 
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Let 99 be a cut-off function of Aq{a,b) witli support in Aq{ai,bi) as con- 
structed in Lemma 11.41 whicli satisfies, 

1) ip=l, in ^,(02,62); 

2) \Vip\,\A^ip\ is bounded in Ag (a, 6). 



Tlien 



-- — -— / c/3|hess h — 5pe ■'dv 

3(0,0)) JAg(a,b) 

V9|liess h\ e~^dv 



V0l{Aqya,U)) JAg{a,b) 

1 



vo\{Aq{a,b)) JA,ia,b) 
(2.19) + ,,/, ,,, / ipin-2Ah)e-fdv. 

^ol{Ag{a,b)) JAJa,b) 



^qia,b) 

By the Bochner formula p.lOp . we have 



— — — - — — - / 93|hess hfe ^ dv 

YO\{Aq{a,b)) JA,{a,b) 

< ^ ,, . , ,^^ / (/jA-^|V/i|2e~-^(iv + ^(e;A,^,ai,6i,a2,62,a,6). 

2vol(Ag(a,6)) JA^(a,b) 

It follows by Lemma 12.41 
— -7—^ — — - / (/?|hess h\'^e~-^dv 

V0l{Aq{a,b)) JA^(a,b) 

< ^ ,, . , ,s, / ipA^Vp\'^e'fdv + ^{e,uj;A,A,ai,bi,a2,b2,a,b) 

2vol{Aq{a,b)) JA,{a,b) 

= UA ( — TvT / </'A-^pe~-^(iv + ^(e,a;;A,^,ai,6i,a2,62,a,^)- 

NO\Aq{a,b)) JA^(a,b) 

On the other hand, 

Y0l{Aq{a,b)) JA^iafi) 

Y0\{Aq{a,b)) JA,{a,b) 

= u A f — TTT / -nipe~fdv + -^{e,uj;A,A,ai,bi,a,b). 

yol{Aq{a,b)) JA,{a,b) 



< — 

vol{Ag{a,b)) Ja^^^ 
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Hence we derive from ()2.19p . 
— — — 7 -— - / \\iess h — g?' e~ f dv 

vol (^(02,62)) JA,(a2,b2) 

— — — ■ / (p\h.ess h — g\ e~^dY 

< ., J, , — TTT / 93(A^p-n)e~-''dv + *(e,a;;A,A,ai,6i,a2,62,a,6) 

< 'i>{e,oj;A,A,ai,bi,a2,b2,a,b). 

Here we used (j2.15p at last inequality. D 

3. A SPLITTING THEOREM 

In this section, we prove the splitting theorem of Cheeger-Colding in 
Bakry-Emery geometry [CCl]. Recall that j{t) (t G (—00,00)) is a line in a 
metric space Y if 

dist(7(ti),7(t2)) = Ih - t2\, V ti,t2 e (-00,00). 

Theorem 3.1. Let {Mi,gi;pi) be a sequence of Riemannian manifolds which 
satisfy 

Ric^M^igt) > -ehi, \fi\, \Vfi\<A. 
Let {Y;y) be a limit metric space of {Mi,gi;pi) in the pointed Gromov- 
HausdorfJ topology as ej — )■ 0. Suppose that Y contains a line passing y. 
Then Y = M x X for some metric space X. 

We will follow the argument in [CCl] to prove Theorem 13. 1[ First we 
recall a Cheeger's triangular lemma in terms of small integral Hessian of 
appropriate function. 

Lemma 3.2. (Lemma 9.16, [CI]) Let x,y,z be three points in a complete 
Riemannian manifold M. Let 7(5) (s G [0,a], a = d{x,y)) be a geodesic 
curve connecting x,y and ^s{t) {s £ [0,l{s)], l{s) = d{z,'j{s))) a family of 
geodesic curves connecting z and 7(s). Suppose that h is a smooth function 
on M which satisfies 

i) \h{z)-h{x)\ <6 «1, 



ii) / \Vh{j{s))-j'{s)\<d«l, 

J[0,a] 



/ / \hess h{^s{t))\dtds < 6 « 1. 

J[0,a] J[0,l{s)] 

(3.1) \d{x,yf + d{x, zf - d{y, zf\ < e{S) « 1. 



m 

'[0,a] J[0,«(s)] 

Then 
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In order to get the above configuration in Lemma [321 we need a segment 
inequality lemma in terms of Bakry-Emery Ricci curvature. In the following, 
we will always assume that the manifold (M, g) satisfies 

(3.2) RicUg) > -{n - 1)A2, |/|, |V/| < A, 

and the volume form dv is replaced by dv-^ = e~f dv. 

Lemma 3.3. Let Ai,A2 be two subsets of M and W another subset of M 
such that IJy-^i^Ai y2€A2^yiy2 — ^' '^here 'yyiy2 is a minimal geodesic curve 
connecting yi and y2 in M . Let 

D = sup{d{yi,y2)\ yi G ^i,?/2 e A2}. 

Then for any smooth function e on W, it holds 

r rd{y\,y2) 

I I e{jy,^y.,{s))ds 

JA1XA2 Jo 

(3.3) <c{n,A,A)D[vol^{Ai) + vol^{A2)] e, 

Jw 

where c{n,A,A) = sup{L\^a{s) / L\^a{u)\ < | < n < s}. 

Proof. Note that 

r rd{yi,y2) 

/ / 4lyi,y2{s))ds 

J At xAo JQ 



rd{yi,y2) 
dyi I / , ^ e{jy^y^{s))dsdy2 



Ai JA2 ~ 2 



d(i/l.V2) 



'•diyi,y2) 
dy2 I I, ^ e{jy^y^{s))dsdyi. 



A2 JA^Ji^^^ 

On the other hand, for a fixed yi & Ai, by using the monotonicity formula 
(jl.9p . we have 

d(yi,y2) 

e-{lyiy2{s))dsdy2 

A2J--^ 



<i(yi,V2) 

^(Tyii/2 {s))A^ {r, 9)drd6ds 

<c{n,A,A) / e{^y^y^{s))Af{s,e)drdOds 

<c{n,A,A)D / e. 
Jw 



^^ / <i{yi,y2) 
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Similarly, 

e{lyiy2(.s))dsdyi 

2 

< c(n,A,^)L> / e. 
Jw 

Then (|3.3|) follows from the above two inequalities. 

D 

Using the same argument above, we can prove 

Lemma 3.4. Given two points q~,q with d{q,q~) > 10 and a smooth func- 
tion e with support in Bp{l), the following inequality holds, 

r rd{i~,y) r 

(3.4) / dy e{-fg-y{s))ds<c{A,A) e{y)dy. 

JBq(r) Jo J Bp{l) 

Combining Lemma [3. II and Lemma[331 we get another segment inequality 
lemma as follows. 

Lemma 3.5. Let b~^{q) = d{q,q^) — d{p,q^) for any q with d{q,q'^) > 10. 
Let h'^ be a smooth function which satisfies 



?p(i) 
and 



I |V/i+ - V6+I < evolf{Bp{l)) 

JBJl) 



/ \hess h+\ < evolf{Bp{l)). 

JBJl) 



3p(l) 

We assume that Lemma 13.51 and Lemma \3.-^\ are true. Then for any two 
points q,q' G -^pCg) cif^d any small number r] > 0, there exist y*,z* with 
d{y*,q) < 'n^d{z*,q') < rj, and a minimal geodesic line ^{t) (0 < t < l{y*)) 
from y* to q^^ with 7(0) = y* ,^{l{y*)) G dBp{^) such that the following is 
true: 

(3.5) rV/.n.)-y(.)|d.<.4(^iM, 

Jo volf{B,{r,)) 

liy") rd{z'Ms)) voIUbM)),^ 



(3.6) / ds\ |/iess /i+(7.(t))|dt < e( .,^,,,, 

h h voV [Bqiri)) 

where 7s(t) is the minimal geodesic curvse connecting 7(5) and q' . 
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Proof. Choose a cut-off function (p = 0(dist(p, •)) with support in Bp{l). 
Let 

e = (/.|V/i+ - V6+|,ei = (p\hess /i+|, 

r rd{y,z) 

62(2/) = / dz I ei{'jyz){s)ds. 

JB^,(v) Jo 

Then by Lemma 13.41 we have 

r rd(Q~,y) r 

(3.7) / / eijg-y{s))dsdy<ciA,A) e{y)dy. 

JBg{ri) Jo JBp{l) 

On the other hand, by Lemma 13.31 , one sees 

fd.{y,z) 



/ e2{y)dy = dy dz ei{-iyz){s)ds 

JBp(l) JBp{l) JBg,{r,) Jo 

<ci(A,A)vol^(Sp(l)) /" eiiy)dy. 

Jbji) 



Thus by Lemma 13.41 we get 



r ra{q ,y) 

/ / e2{jg-y{s))dsdy 

JBg{rj) Jo 

(3.8) <C2iA,A) [ e2{y)dy 

JBp{l) 

<vol^(5p(l))c3(A,A) /" ei{y)dy. 

JBp{l) 

Observe that the left hand side of (j3.8p is equal to 

dy dz / ei{'y s{'t))dtds, 

Bqiv) JBgiiv) Jo Jo 

where 7s (t) is the minimal geodesic from z to 'Jq~y{s) with arc-length pa- 
rameter t. Combining (|3.7p and (j3.8p . we find two points y*,z* such that 
both (j3.5p and (j3.6p are satisfied. 

D 

Now we apply Lemma 13.51 to prove a local version of Theorem 13. 1[ 

Proposition 3.6. Let (M, g) be a complete Riemannian manifold which 
satisfies 

RicUg) > -- ^, I/I, |V/| < A. 

Suppose that there exist three points p, q^ , q~ such that 

(3.9) d{p,q+)+d{p,q-)-d{q+,q~)<e 



ON THE STRUCTURE OF SPACES WITH BAKRY-EMERY RICCI CURVATURE BOUNDED BELOW 

and 

(3.10) d{p, q+) > R, d{p, q-) > R. 
Then there exists a map 

(3.11) n:i?p(l/8)^i?(o,,.)(l/8) 

as a ^{l/R,e;A,n) Gromov-Hausdorff approximation, where i?(o.x)(l/8) C 
M-X X is a ^-radius ball centered at (0,x) G R x X and X is given by the 
level set {h^)^^{0) as a metric space measured in the Bp{l). 



Proof. For simplicity, we denote the terms on the right-hand side of 
(|2.9p and (|2.10p in Lemma \T3\ by 6 = 6{e, -^). Define a map u on Bp{l) by 
u{q) = {xq,h'^{q)), where Xq is the nearest point to q in X. We are going 
to prove that u is a "^{1/R,e] A) Gormov-Hausdorff approximation. Since 

|V/i+| < c = c{A) inSp(i), 

h+{y) < 0, V y G Sg(r?), if h+{q) < -cr], 

where r] is an appropriate small number and it will be determined late. We 
call the area of h'^[q) < —cr] the upper region, h^[q) > cr] the lower region 
and the rest the middle region, respectively. 

Case 1. Both points qi and q2 in the upper region ( we may assume 
that h'^{qi) > h'^{q2)). Let g be a point in the upper region. Then by 
applying Lemma [3.51 to q,Xq, we get a geodesic from a point y near q to 
q~ whose direction is almost the same as V/i"*". Thus this geodesic must 
intersect /i"*" = 0. Applying Triangular Lemma 13.21 we see that the intersec- 
tion is near Xq. Hence for qi and 52, we can find yi and 7/2 nearby qi and 
q2 respectively, such that two geodesies from yi and y2 to q~ intersect X 
with points xi and X2, respectively. Denote the geodesic from X2 to y2 by 
7(5) : 7(0) = X2,7(/i^(y2)) = y2- Applying Triangular Lemma [312] to triples 
{yi,y2, 7(^^(2/1))}, {a;2,yi, 7(^^(2/1))} and {xi,X2,yi}, respectively, we get 

|d(yi, 2/2)2 _ |;^+(y^) _ ^+(y^)|2 _ d(yi,7(/i+(yi)))2| < c(n, A)4r 



?7"' 



\d{yi,X2f -d{yi,^{h+{yi))f -h+{y^f\<c{n,A)^, 

and 

\d{yi,X2f - d{xi,X2f - h+{yi)^\ < c{n,A) — . 

Combining the above three relations, we derive 

(3.12) \d{qi,q2) - d{u{qi) , u{q2))\ < c{n, A)— « 1 

as (5 = o{rl^). 
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Case 2. qi is in the middle region and 52 is in the upper region. Note 
that Xq is near g if g is in the middle region. Then we can find two points yi 
and y2 near qi and 92 respectively, such that Triangular Lemma 13.21 holds 
for the triple {yi,y2, X2}- Hence for such two points qi and 52, we get ()3.12p 
immediately. 

Case 3. qi is in the lower region and 52 is in the upper region. As in Case 
1. we can get one geodesic from q'^ to a point near qi and another geodesic 
from g~ to a point near §2, respectively. Thus we can use same argument 
in Case 1 to obtain (13.121) . Similarly, we can settle down another two cases, 
both qi and 52 in the lower region and both qi and 92 in the middle region. 

D 

Proof of Theoren i3.1[ Suppose that the line in Y is 7(t) and 7(0) = y. De- 
fine a Busemann function b along 7 by 

%)= lim id{y,^{t))-t). 

Since 

dGH{Bp^{j),By{j)) -;> 0, as i -;> 00, 

for any given integer number j > 0, we may assume that 

1 n — 1 

dGHiBp^{j),By{j)) < -,ei < —^^ for i = i{j) large enough. 

Choose a Gromov-Hausdorff approximation from By{j) to Bp^{j) so that 
the images of endpoints j{j) and 7(— j) of the line in By[j) together with pi 
satisfy the condition (|3.10p in Proposition 3.6. Then we see that there exist 
a metric space Xj and a Gromov-Hausdorff approximation Uj : Bp.{l) — t- 
Boxxji'^) such that 

dGH{Bp^{l),u,{Bp^{l)))<^{j). 

As a consequence, there exists a map Uj : -6^(1) — )• B^xx^i^) such that 

dGH{By{l),Uj{By{l)))<^. 

This implies that all the projection of M component from space M x Xj are 
close to the Buseman function b along the given line in Y for j >> 1, so 
they are almost the same. Hence, {Xj} is a Cauchy sequence in Gromov- 
Hausdorff topology with a limit X. It follows that By(l) = i?oxx(l) where 
X is the limit point of {xj} in X. Since the number 1 can be replaced by 
any positive number, we finish the proof of theorem. D 
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4. Existence of metric cone 

In this section, we prove the existence of metric cone of a tangent space 
on a hmit space of a sequence in M{A, v, A). Recall 

Definition 4.1. For a metric space {Y,d), the limit of (Y,e^ d;y) in Gro- 
mov Hausdorff topology as e^ — )• is called a tangent cone of Y at y (if 
exists). We denote it as TyY . 

Definition 4.2. Given a metric space X, the space M^ x X with the metric 
defined by 

d{{ri,xi),{r2,X2)) = yrl + rf - 2riricosd{xi,X2), ifd{xi,X2) < n, 

d{{ri,xi),{r2,X2)) = n + r2, ifd{xi,X2) > it 

is called a metric cone over X. We usually denote it by C{X) with the 
metric M^ Xj. X . 

The main theorem of this section can be stated as follows. 

Theorem 4.3. Let {{Mi,gi;pi)} be a sequence of manifolds in A4{A,v,A). 
Then there exists a subsequence of {{Mi,gi;pi)} converges to a metric space 
(Y; y) in the pointed Gromov-Hausdorff topology. Moreover, for each z G 
(Y;y), each tangent cone T^Y is a metric cone over another metric space 
whose diameter is less than vr. 

The proof of Theorem 14.31 is similar to one of Splitting Theorem 13.11 We 
need another Cheeger's triangluar lemma to estimate the distance. 

Lemma 4.4. ( Lemma 9.64, [CI]) Let x,y be two ponis in a minimal geo- 
desic curve from p and denote the part of the geodesic curve from x to y by 
7(5). Let 7s(i) be a family of geodesic curves connecting z and 7(5) as in 
Lemma Ig.gl Suppose that there is a smooth function h such that 



(4.1) / / \hess h - g\dtds < 6 « 1 

J[0,a] JlO,l{s)] 

and 

(4.2) / \Vhi^{s)) - r{j{s)h'is)\ <5«l, 

J[0,a] 

where r{q) = dist{p,q). Then 

(4.3) d{z,y) r{x) + d{z,p) {r{y)—r{x)) 

— d{x, z)'^r{y) — r{x)r{y){r{y) — r{x)) < e{6). 

It is easy to see the left-hand side of (j4.3|) is zero in a metric cone C{X) 
ii x,y lie in a radial direction. 

We need a few of lemmas to prove Theorem 14.31 
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Lemma 4.5. Given r] > 0, there exists u = uj{a,b,rj,A,A.) such that the 
following is true: if 

(4.4) Riciiig) > -{n - l)h^g and |V/| < A 
and 

(4.5) .o//(ai..(6))^ L^ 
^ ' volf {dBp{a)) - ^ ^LaA^) 

then for any point q on dBp{a), there exists q' on dBp(h) such that 

diq,q') < b — a + rj. 

Proof. Suppose the conclusion fails to hold for some ry and qi G dBp{a). 
Then for any point in Sg^(5), there is no point q on dBp[h) such that 
^(^1) q) ^ h — a + ^. Thus for any r < ^, any minimal geodesic from p to 
dBpih) does not intersect with Bq^{'^) n dBp{a + r). Since 

by the coarea formula, there exists some | < r < 3 such that 

volf{B,,{l)ndBp{a + r)) > i^M^f) vol/(A,(a, 6)). 
3 '^ r]LA,A{2b) 

Using the monotonicity formula (jl.Op . we get 

volf {dBp{b)) < vo\f{dBp{a + r) \ B,,{\)) /-""f^} 

< (vol/(5i?,(a + r)) - i^^M^) vol/(^,(a,6)))-^^^. 
It follows 

vo\fidBp{b)) < (1 + 5' {7], b, a))-'volf{dBpia + r))— %i^ 

LA,A{a + r) 

< {l + 6'{ri,b,a))-'vol^{dBp{a))^^^ 

^A,AW 

But this is a contradiction to (|4.5|) as w < ^S'{rj, b, a). Therefore, the lemma 
is proved. D 

By applying Theorem 3.6 in [CCl] with help of Lemma 14.41 and Lemma 
31 we have the following proposition. 



Proposition 4.6. Given r] > 0, there exist uj = uj{a, b, rj) and 8 = 6{ri) such 
that if |^.^[ ) and |^.5[ ) are satisfied, then there is a length space X such that 

dGH{Ap{a, b), (a, b) x^ X) < rj, 
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where {a,b) x^X is an annulus in C{X) and the metric of Ap{a,b) is mea- 
sured in a slightly bigger annulus in M . 

Proof. It suffices to verify the distance function condition in Theorem 3.6 
in [CCl] . Let x,y,z,w be four points in the annulus Ap(a,b) such that 
both pairs {x, y} and {z, w} are in the radial direction from p. Then by 
applying the segment inequality of Lemma 13.51 to the function h in Lemma 
12.41 and Lemma 12.51 we can find another four points xi,yi,zi,wi near the 
four points respectively such that Triangular Lemma F4.4l holds for two triples 
{xi,yi,zi} and {yi, zi,wi}. Now we choose four points X2,y2,Z2,'W2 in the 
plane M^ such that both triples {0,X2,y2} and {0,227^2} are co-linear. 
Moreover, we can require that 

r(x2) = r{xi),r{y2) = r{yi),r{z2) = r{zi),r{w2) = r{wi) 

and 

d{xi,zi) = d{x2,Z2). 
Thus by using Triangular Lemma HH] to {xi,yi,zi} , it is easy to see that 

(4.6) \d{y2,Z2)-d{yi,zi)\<^. 
Applying Triangular Lemma H^ to {yi, zi,wi} , we have 

\d{yi,zi)^r{wi) + r{wi)r{zi){r{wi) - r{zi)) 

(4.7) - d{yi,wifr{zi) - r{yifd{zi,wi)\ < *. 

Note that the left hand side of (|4.7p is zero when the triple {yi,zi,wi} is 
replaced by {y2, Z2,W2} in the plane. Since 

\d{zi,wi)- {r{wi) - r{zi))\ < ^, 

we get from (f46]l and ^4l}i that, 

\d{yi,wi) -d{y2,W2)\ < '^. 

On the other hand, d{y2,W2) can be written as the following function: 

d{y2,W2) = Q{r{x2),riy2),r{z2),r{w2),d{x2,Z2)). 

Therefore 

\d{yi,wi) -Q{r{xi),r{yi),r{zi),r{wi),d{xi,zi))\ < *. 

It follows that 

(4.8) \d{y, w) - Q{r{x),r{y),r{z),r{w),d{x, z))\ < ^. 



(14. 8p is just the condition for distance function in Theorem 3.6 in [CCl]. 

By (j4.8p and Lemma 14.51 we see that two conditions in Theorem 3.6 in 
[CCl] are satisfied. Hence as a consequence of this theorem, we obtain 
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Proposition 14.61 In fact, X is a level set of r~^{a) with a x-intrinsic metric 
defined by 

(4.9) l^{x, y) = - inf StiC?(xi_i, Xi), 

a 

where the infimum is taken among all the sequences {xj} G X which satisfy 

xo = x,Xn = y and d{xi-i,Xi) < x- 

D 

It remains to verify the condition (14. Sp in Lemma 14.51 

Lemma 4.7. Given < a < b = ail,il > 0, there exists an integer N = 
N{n, Q, A, V, A) such that for any sequence of ri {1 < i < N) with rirj+i < 
i~i ^ j;, the volume condition |^.5[ j for any manifold {M,g) E M.{K,v,A) 
in Lemma \4^ holds for some annulus Ap{ark,brk) C M {1 < k < N) with 
rescaling metric g = —. 

Proof. We only need to give an upper bound of A^ in case that the following 
inequality 

^^ ^Q^ ^oi{dB,{hr,)) ^ ^_^ vollidB,iar,)) 

LrkA,rkA{brk) ~ Lr^^A,rkA{ark) 

doesn't hold for any 1 < A; < A^. Then by the monotonicity formula (|1.9p . 
we know that 

vol|(gi?p(fer^)) ^ ^_^^ yoll{dBpibri)) 

Lr^K,rkA{prN) ~ L,.^A,rfeA(&ri) 

Thus by the non-collapsing condition the left-hand side has a lower bound 
ci(n, A, ?;, A), and by Volume Comparison Theorem 11.21 the right-hand side 
is not greater than e~^^ C2{n, K,v , A) . Thus this helps us to get an upper 
bound of N . Hence, if N is larger than this bound, there must be some k 
such that (j4.10p holds. The lemma is proved. D 



Proof of Theoren \4-S\ Without loss of generality, we may assume that z = y 
since each point in (y, d; y) is a limit of sequence of volume non-collapsing 
points in Mj. Also we note that the tangent cone TyY always exists in our 
case by Gromov's theorem [Gr]. By the contradiction argument, we suppose 
that TyY is not a metric cone. Then it is easy to see that there exist numbers 
< a < 6, % > and a sequence {rj}, which tends to 0, such that for any 
length space X annulus Ay{ari, bri) C {Y,—; y) satisfy, 

(4.11) dGH{Ay{ari, bri), {ari,bri) x^ X) > 3rirjo. 

By taking a subsequence we may assume that rirj+i < rj {Q = -) and rj 
is smaller than 5 in Lemma 14.51 On the other hand, since Y is the limit of 
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Mj, we can find an increasing sequence rrii such that for every j > rrii 

(4.12) dGH{Ay{ari,bri),Ap^{ari,bri)) < rirjQ. 

Let u; be a small number as chosen in Proposition 14.61 and A^ an integer such 
that Lemma 14.71 is true for the w > 0. Thus by (j4.12p . we see that there 
exist a subsequence {vi^} — )• and a sequence {jk} — ?• oo such that 

(4.13) dGHiAy{ari^,briJ,Ap^^{ari^,bri^)) < ri^rio, 

where annulus Ap^ {ari^ , bvi^^ ) are chosen as in Lemma 14.71 Now we can 
apply Proposition 14.61 to show that for each large k there exists a length 
space X such that 

dGH{Ap^^{ari^,bri^),{ari^,bri^) x^X) < ri^rjo- 

But this is impossible by (j4.1ip . Therefore, TyY must be a metric cone. 

The diameter estimate follows from Splitting Theorem 13. 1[ In fact, if 
diam{X) > vr, there will be two points p,q in X such that d{p, q) = vr. By 
Theorem 13. 11 it follows that C{X) = M x Yi, where Yi is also a metric cone, 
i.e. Yi = C{Xi). It is clear that diam{Xi) > vr since diam{X) > vr. Thus we 
can continue to apply Theorem 13.11 to split off Xi. By the induction, C{X) 
should be an Euclidean space, and consequently X is a standard sphere . 
But this is impossible by the assumption that diam{X) > vr. 

D 



Following the argument in the proofs of Theorem 14.31 and Proposition 14.61 
we actually prove the following strong approximation of Gromov-Hausdorff 
to the flat space. 

Corollary 4.8. For all e > 0, there exists 5 = 6{n,e),rj = r](n,e) such that 
if 

(4.14) RicUa) > -in - l)S^g, |V/| < t? 
and 

(4.15) e'^^°\ol^{Bp{l)) > (1 - 6)vol{Boil)) 
are satisfied, then 

(4.16) dGHiBpil),Bo{l))<e. 

Proof. Suppose that the conclusion ()4.16p is not true. Then there exist 
sequences of {Si} and {r/j} which tend both, and a sequence of manifolds 
{{M,gi)} with conditions (|4.14p and (I4.15P such that 

(4.17) dGHiBp,.{l),Boil))>eo>0, 

where Bp.{l) C Mj. Then following the argument in the proofs of Theorem 
and Proposition 14. 6^ it is no hard to show that Bp.{l) converge to a limit 
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Bx{l) which is a metric bah with radius 1 in a metric-cone {C{X),d) with 
vertex x. Since the blowing-up space of Bx{l) at x is C{X) itself, we see 
that there are subsequences {j} and {ij}, both of which tend to infinity, 
such that 

{Bp^(j),fgi„qi,)^{C{X),d,x). 



3 ' 



For any y £ X, we choose a sequence of points gj, G Bp, , (j) C (Mj, , j (?; 
which tends to y. Then for any given i? > 0, we have 

B,^^{R){^{M.,^,fg,.))^By{R). 

Since the volume condition (I4.15P implies 

(4.18) e-^Wvol/(i?,^^, {R)) ^ vol(i?o(i?)), 

by the above argument, By{R) is in fact a metric ball with radius i? in a 
metric cone CiY) with vertex y. Note that R is arbitrary. We prove that 
C{X) is also a cone with vertex at y. This shows that there exists a line 
connecting x and y in C{X). By Splitting Theorem 13. 11 C{X) can split off a 
line along the direction xy. Since y € X can be taken in any direction, C{X) 
must be an euclidean space. But this is impossible according to ()4.17p . The 
Corollary is proved. 

D 

Remark 4.9. Corollary \4-8\ is a generalization of Theorem 9.69 in [CI] 
in Bakry-Evfiery geometry. It will he used in Section 5 and Section 6 for 
the blowing-up analysis. We also note that e~^^^' vol^ {Bp{l)) is close to 
vol{Bp{l)) since |V/| is small enough. Thus the volume condition ( (.^.i5[ j 
can be replaced by 

vol{Bp{l))>{l-6)voliBo{l)). 

For the rest of this section, we prove the Colding's volume convergence 
theorem in Bakry-Emery geometry by using Hessian estimates in Section 2. 

Theorem 4.10. Let {M^,gi) be a sequence of Riemannian manifolds which 
satisfy j^.^p . Suppose that M-i converge to an n- dimensional compact man- 
ifold M in Comov-Hausdorff topology. Then 

lim vol{Mi,gi) = vol{M). 

i—^oo 

We first prove a local version of Theorem 14. 101 as follows. 

Lemma 4.11. Civen e > 0, there exist R = R{e,A,A,n) > 1 and 5 = 
5{e,A,A,n) such that if 

(4.19) Rzci,{g) >-{n- l)^g, |V/| < ^, 
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and 

(4.20) dGH{Bp{R),B^{R))<6, 
then we have 

(4.21) vol{Bp{l)) > vol{Bo{l)) - e. 

Proof. We need to construct a Gromov-Hausdorff approximation map by 
using /-harmonic functions constructed in Section 2. Choose n points qi in 
Bp{R) which is close to Rei in Bq{R), respectively. Let li{q) = d{q,qi) — 
d{qi,p) and hi a solution of 

Afhi = 0, mBi{p), 

with hi = li on dBi{p). Then by Lemma 12.31 we have 

vol iBp{l)) 75^(1) 
By using an argument in [Co] (cf. Lemma 2.9), it follows 

(^■22) .rr.^m(^^^ I \{'^h,,Vh,) - 5,,\ < ^{i/R,6;A). 

vol (Bp(l)) Jb^(i) 

Define a map by h = (/ii, /12, ..., /i„). It is easy to see that the map /i is a 
^(-^, (5; A) Gromov-Hausdorff approximation to Bp{l) by using the estimate 
(j2.8p in Lemma l2.3i Since h maps dBp{l) nearby dBQ{l) with distance less 
than ^, by a small modification to h we may assume that 

h : {Bp{l), dBp{l)) -^ (Bo(l - ^), dBo{l - ^)). 

Next we us a degree argument in [C2] to show that the image of h contains 
i?o(l — ^) . By using Vitali covering lemma, there exists a point x in Bp{-g) 
such that for any r less than g it holds 

(4.23) ,,„,,, / Ihess /id < ^ 
^ ^ vol (S,(r)) y^^M ' ' 

and 

(4.24) , ,j, , ,, / \{Vhi,Vh,) - 6^,\ < *. 
vol {B^{r)) y^^r) 

Let 7] = ^2n+i . For any y with d{x,y) = r < g, applying Lemma 13.31 to 
Ai = Bx{rir),A2 = By{i]r),e = |hess hi\ , we get from (|4.23p . 

/ / |hess /ii(7',7')| 

< r(vol {Bx{r]r)) -h vol {By{T]r)))vol {B:,{r))^. 
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It follows that 

/ Mr.ri) f f Stilhess hi{y,j')\ + \{Vh„Vh,) - S,j\] 

< vol (5^.(r?r))^, 

where Q{r,rj) = ,(,oi (i?4^r))+°l?r(Bj(>?^)))voiB4r) " Consider 

Q{r,Tl) f f Stihess M^',^')\ + \{Vhi,Vh,) - 5,j\ 

as a function of z G Bx{r}r). Then one sees that there exists a point x* such 
that 

(4.25) \{yh,,Vhj){x*)-5^j\<^ 
and 

(4.26) Sti / / |hess/i,(7',7')l <^vol(S,(r))r/-"^. 

J By{rir) J-f^*^ 

Here at the last inequality, we used the volume comparison ()1.5p . Moreover 
by (|4.26p . we can find a point y* such that 

(4.27) Eti / |hess/i,(7',7')l<^'-- 

By a direct calculation with help of (14.25P and (I4.27p . we get 

(4.28) {h{x*)-h{y*)f = {l + ^'^)r'^. 

This shows that h{x) ^ h{y) for any y with d{y,x) < |. On the other 
hand, for any y with d{y,x) > g, it is clear that h{x) ^ h{y) since /i is a 
^ Gromov-Hausdorff approximation. Thus we prove that the pre-image of 
h{x) is unique. Therefore the degree of h is 1, and consequently, Bq{1 — '^) C 
h{Bp{l)). The lemma is proved because the volume of Bp{l) is almost same 
to one of h{Bp{l)) by the fact (14221) . D 

Proof of Theorem \4-l(^ Choose finite balls -B(gi, tj) to cover M with rj small 
enough to make all balls close to Euclidean balls so that 

SiVol(S(g„r,))<(l + e)vol(M) 

for any given e > 0. Then for j sufficiently large, Mj can be covered by 
B{qji,rji) with r^j < (1 + e)rj. Thus by the volume comparison (jl.Sp . we 
have 

vol(Mj) <J:,vol{B{qji,rji)) 

(4.29) < (1 + ^{5 : A, A))^iVol{B{qi, r,)). 
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Here 6 = max{ri}. Hence we get 

limj^ooVol{Mj) < vol(M). 

On the other hand, for any e > 0, we choose small enough N disjoint balls 
B{qi,ri) in M with B{qi,ri) close to Euclidean balls so that 

(4.30) (1 + e)S,a;„r," > SiVol(S(g„ri)) > (1 - e)vol(M). 

Then for a fixed large number R, we see that for j large enough there are 
corresponding disjoint balls B{qij,ri) in Mj such that B{qij,Rri) is 5{N)- 
close to B{qi, Rri) in Gromov-Hausdorff topology, where 6{N) is the number 
determined in Lemma [4 .111 when e is replaced by -j^. Apply the above lemma 
to each ball B{qij, Rri) with rescaling metric ^, we get from (I4.30p . 

(1 + e)vol(Mj) > (1 - e)vol(M) - (1 + e)e. 

Taking e to and A^ to cxd, it follows 

limj^ooVol{Mj) > vol(M). 

The theorem is proved. 

D 



5. Structure of singular set I: Case of Riemannian metrics 

According to Theorem l4.31 we may introduce a notion of S'jt-typed singular 
point y in a limit space (Y,doo;Poo) of a sequence of Riemannian manifolds 
{{Mi,gi;pi)} in A4(A,v,A) as Definition l0.2| if there exists a tangent cone at 
y which can be split out an euclidean space M.^ isometrically with dimension 
at most k. By applying Metric Cone Theorem 14.31 to appropriate tangent 
cone space Ty, we can follow the argument in [CC2] to show that dimension 
of Sk is less than k. Moreover, S = Sn-2, where S = U"^q Si. The latter is 
equivalent to that any tangent cone can't be the upper half space, which can 
be proved by using a topological argument as in the case of Ricci curvature 
bounded below (cf. Theorem 6.2 in [CC2]). Thus we have 

Theorem 5.1. Let {{Mi,gi;pi)} be a sequence of Riemannian manifolds in 
M{A,v,A) and let (i^, dooSPoo) be its limit in the Gromov-Hausdorff topol- 
ogy. Then dim Sk <k and S{Y) = Sn-2- 

Remark 5.2. By Theorem \5.1\ one sees that%'^{S) = 0. Thus by Theorem 
\4-10\ we have 

(5.1) lim vol{Mi) = W{Y), 
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if Y is a Gromov-HausdorjJ limit of a sequence {{AIl^,gi)} in A4{A,v,A). 
Moreover, if Bi{r) C Mj converge to Bao{r) C Y , 

(5.2) lim vol{Bi{r)) = W{B^{r)), 

where Bi(r) and B^{r) are radius r-halls in Mi and Y , respectively. 

We define e-regular points in Y . 

Definition 5.3. y € {Y^poo) is called an e-regular point if there exist an e 
and a sequence {rj} such that 

distcHiiByil), —doo),Bo{l)) < e, as i^ oo. 

Here Bq{1) is the unit ball in M". We denote the set of those points by TZ^. 

In this section, our main purpose is to generafize Theorem 1.15 in [CCT] 
to analyze the singular structure S under an additional assumption of L^- 
integral bounded curvature. 

Theorem 5.4. Let {{Mi,gi;pi)} be a sequence in Ai{A,v,A) and {Y;poo) 
its limit as in Theorem \5.1\ Suppose that 

Then for any e > 0, the following is true: i) 

(5.4) ^"^'^(i^poo (1) \ ^2.) < oo, i/ 1 < p < 2; 
ii) 

(5.5) dim{Bp^{l)\n2e)<n-^, ^/p = 2. 

The theorem is a consequence of following result of e-regularity. 

Proposition 5.5. For any v,e > 0, there exist three small numbers 6 = 
5{v,e,n), T] = r]{v,e,n), r = T{v,e,n) and a big number I = l{v,e,n) such 
that if{M^,g) satisfies 

(5.6) Riciig) >-{n- l)r^ |V/| < r, vol {Bp{l)) > v, 

(5.7) -JWT^ I 1^"^! < '^' 

V0l{Bp(?,)) Jb^{3) 

and for some metric space X, 

(5.8) dGH{Bp{l),B^Q^^){l))<ri 

holds for k = 2 or 3, where (0,x) is the vertex in M"~'^ x C{X), then 

(5.9) dGH{Bpil),Bo{l))<e. 
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To prove Proposition 15.51 it suffices to prove that vo\{Bp{l)) is close to 
vol(-Bo(l)) according to Corollary 14.81 The latter is equivalent to show that 
vol(-Bo(l)) is close to vol(i?o,x(l)) by Remark 15. 2[ Thus we shall estimate 
the volume of section X. In the following, we will use the idea in [CCT] to 
turn into estimating volume of a pre-image of X by constructing a Gromov- 
Hausdorff approximation. 

Let hi (i = 1, ...,n — k) be (n — k) /-harmonic functions on Bp{3) with ap- 
propriate boundary values as constructed in the proof of Splitting Theorem 
13.11 (cf. Proposition 13. 6p and h an approximation of ^ as constructed in the 
proof of Metric Cone Theorem 14.31 (cf. Lemma 12.41 Lemma 12. 5p , which is a 
solution of 

A-^/i = n. 

Let 













Wo = 


h' 


- ^^'• 


Define 


w 


to be 


a soluti 


ion of 
















A^w 


= 2k, 


w\ 


dBpiA) 



Wq. 

Then w is almost positive, so it can be transformed to be positive by adding 
a small number. Set 

u^ = w + ^ > 0. 

We recall some estimates for functions hi, h and w: 

un ro\\ / (^i\ l^ess hi\^ + ^i^j \{Vhi,Vhj)\ 
vo[{Bp{6)) Jbj,{3) 

vol(Sp(3)) 7bp(3) 

(^•11) -uW7^ [ (|V/i-Vr|2 + |hess/i-5p)<*, 

vol{Bp{3)) Jbp{3) 

(5.12) -— / |hess u;o — hess top < ^, 

voWp{3) Jb^(3) 

and 

The first two estimates are proved in Section 2 (cf. Lemma [2.31 Lemma [2.41 
Lemma [2.5p . We note that condition (12.13P in both Lemma [2.41 and Lemma 
12.51 is satisfied according to (|5.2p in Remark 15.21 The others can also be 
obtained in a similar way. 
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We define maps $ and F respectively by 

$ = (hj) : 5p(4) -^ R"'-^ 
and 

T = {hj,u) : Bp{4) ^W-''+\ 
Let 

i^$,4z) = voi($-i(z)nc/„), 

where C/„ = r-i(5S'~''(l) x [0,u]) for -u < 2. Tlien 
Lemma 5.6. 

M^o (1)) Ar'(i) ^ 

Proo/. Set 

?;<j> = V/ii A ... A Vhn-k- 

Tlien f$ is the Jacobian of $ in -Bg^ (1). By (jS.lOp . one can show that it 
is almost 1 almost everywhere in Bq~ (1). In fact, the proof is the same to 
one of (j4.22p . Hence by the coarea formula, we get 



VOl(i?o"-'^(l)) JBj-d) 

vol(5o"-'(l)) ^. vol(i?o"-ni)) 

To compute the variation of V^^ui^), we modify V$^u(z) to 



(5.15) = ., '... / M= •:n;.„ +-^ 



-^$,«,5 = / Xe{\v<S>\'^)'tpu,S, 

J'S>-'^{z) 

where V'5,n = C(u^) with a cut-off function ^ which satisfies 
m = h fortG[0,((l-2<5)n)2], 

e(t)=0 forte [((l-5)u)2,u2], 
and Xe{t) is another cut-off function which satisfies 

Xe{t) = 0, forte [0,e], 

Xe{t) = {I - e)t, forte [2e,l-e], 

X.(t) = 1, for t > 1, 

lx;(i)l<3. 
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A direct computation shows that 

;f '"''^ = / Xe(b'i>P)y]oi,iV/ii(|r;$|^)V'„,5, 



+ / Xe{\v'S>\'^)y^^ai,jtr{hess hi)ipu,s, 

(5.16) +1 Xe{\v^\^)y2aij{V^s,Vhi). 

J'S>-^z)nu„ 



Here atj is the inverse of {Vhi,Vhj) so that <I'*(^j ajjV/ij) = gj-, and 

tr(Hess hi) denotes the trace restricted to <I>~^(z). Using the coarea formula 
the integrations of the first two terms at the right side of (j5.16p in B^^ (1) 
can be controlled by the Hessian estimate in (j5.10p . Moreover, similar to 
([02]) . by (f5l^ and ([51^ . one can show, 



l^J ji^u'.^n,n<^. 



V0l{Bp{l)) JB^i^i) 

Thus the integration of the third term at the right side of (j5.16p in S"" (1) 



is also small. Hence we get 

1 



vol(i?o"-'(l)) JB--^ii) 
On the other hand, by (j5.2p . it is easy to see 



VJ$,n a| < ^. 



I "°^^^:^ -^voi(x)i<^. 

'vol(i?o"-'(l)) k 
Therefore, we derive (|5.14p from (|5.15p . D 

Similar to ()5.14p . by using the above argument to the map T, one can 
also obtain the following estimate, 

(^•l"^) vnURn-fcm^ ^ rn in / \Vr{z,u) - u'^-^oliX)] < ^, 

VOl(-B" '=(1)) X [0, IJ) yijn-fc(l))x[0,l] 

where Vr{z,u) = vol(r~"^(z,n)). A similar proof can be also found in Theo- 
rem 2.63 in [OCT], so we omit it. Thus we see 

Lemma 5.7. There exists a subset of D^i C i?"^^(l)x [0, 1] which depending 
only on e, I such that 

(5.18) vol{D,^i) > (1 - '^)vol{B'''''{l) X [0, 1]) 
and 

(5.19) \Vr{z,u) - u''-^vol{X)\ < ^, V iz,u) G D,^i. 
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Next, we use the Bochner identity in terms of Bakry-Eniery Ricci cur- 
vature to estimate the second fundamental forms of pre-image of $, F. Let 
fi, V2, ■■■,Vm be m smooth vector fields. Put f = i;i A f2 A ... A Vm- We 
compute 



and 






v\^ 



^,2 (V^'^) 



I'p + r] 



It follows, 



+ iH"^ + v) ^ (A^f^, v), V r/ > 0. 



(bP+??)"2|vr(Vz;)|^ 



(5.20) < ^(/-7r)A-^w + A-^(|t;|2 + j7)5, 

(I^P + 7/)2 

where tt : A^'TM — )• v is the compliment of orthogonal projection to v. 
On the other hand, if we choose Vi = V/j and take map F = (li, ...Im) and 
V = vp, then 

(5.21) \vFmp^i(c)\'' < \vF\'^\7T(yVF)\^ 

where Ilp-i(^^\ denote the second fundamental form of the level set F~^{c) 
in M. Hence the quantity (I — tt)A-'vf in ()5.20p gives us an estimate for 
the second fundamental form of map F. 

To estimate (/ — 7r)A-^u^, we use the following formula, 

AWk = VA-Hi + Ric-^(V4, •)• 

Note that in our case AHi is constant for map F = ^ or F = T = {^,u^). 
Then it is easy to see 

(I - tt)A^vf 
= 2(/ - 7r)(Sj,<j2VZi A ... A Ve^ln A - A Ve^ln A -V^m) 

(5.22) +tr(Riof), 

where tr{Ricf) is the trace over the space spanning by V/j. 

Lemma 5.8. There exists a subset E^^i C B'^~ {1) x [0,1], which depends 
only on e,l and satisfies 

(5.23) voliE.^i) > (1 - ^)vol{B''-^{l) x [0, 1]), 
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such that for any (z, u) £ E^^i it holds 



1 / .^ ,2 



(5.24) YTT-J In.j,-ir<^, 



1 ' - ,2 



(5-25) — — -/ |n^-ir<*, 

(5-26) -— / |nr-i(,,„) - u-^gr-^,,u) ® Vup < ^. 

Proof. Let be a cut-off function with support in Bp{3) as constructed 
in Lemma 11.41 Note that v^ is ahnost 1 almost everywhere in Uu by the 
Hessian estimates in ()5.10p . Then by ()5.22p . we have 



Un 

< |v$||(/-7r)A^u$|e"-^(iv+ / (pA^ {{\v<s>\'^ + rj)^ - l)e'^dv 

JbM) 



By dOT]) . it follows 



/ |v$||n$-i(-^)pe -^dv 
(5.27) < lim / (|t;P + ry)-5|7r(Vv)pe"^dv< ^. 

On the other hand, by the coarea formula, we have 

/ / |n$-i(^)pe~-^(iv = / |f$||n<j,-i(^)pe~^dv. 

Thus (j5.24p follows from ()5.27p immediately. Again by the coarea formula 
we get (|5.25p from (|5.24p . ()5.26p can be also obtained by using the same 
argument above to the map T (cf. Theorem 3.7 in [OCT]). 

D 

Completion of Proof of Proposition 15.51 We will finish the proof of Propo- 
sition 15.51 by applying the Gauss-Bonnet formula to an appropriate level set 
of r. In case A; = 2, by Lemma 15.71 we see that there exists {z, u) {u is close 
to 1) such that 

\2TTt Vr(z,u)\ < ^, 

u 



/. 
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where t is the radius of X. Note that X is a circle here. On the other hand, 
applying the Guass-Bonnet formulam to <l>^^(z) CiUu, we have 

H+ [ K = 27:x{<^-Hz)nUu), 

/r-i(z,M) J <!>-'>- {z)r\Uu 

where K and H are Gauss curvature and mean curvature of ^^^{z) n Uu 
and r~^{z,u), respectively. By (|5.24p and (j5.7p together with the Gauss- 
Coddazzi equation, we see that 

K\ < ^. 

Also we get from ()5.26p . 

I / H--Vr{z,u)\ <^. 

Thus t is close to x(<I>^^(z) n Uu) which is an integer. The non-collapsing 
condition implies that xi^^^^i^) ^ Uu) is not zero. So t > 1 — ^. As a 
consequence, the volume of ball B{1) C M"~^ x C{X) is close to one of 
a unit flat ball. Hence by Remark 15.21 we see that vol(i?p(l)) is close to 
vol(i?o(l))- Therefore, we prove that Bp{\) is close to Bq{\) by Corollary 



/- 



In case A: = 3, we see that there exists {z,u) in Lemma 15.71 such that 

(5.28) \Vt{z,u)-yo\{X)\<^, 

as u is close to 1. On the other hand, by the Gauss-Bonnet formula, we have 

(5.29) / K = 2^x{^-\z,u)). 

Jt-'^(z,u) 

Since by ()5.25p and ()5.7p together with the Gauss-Coddazzi equation, 

where i?$-i(_2) is the curvature tensor of the submanifold ^~^{z), (j5.26p 
implies that 

I / K-Vr{z,u)\ <^. 

Jr-l{2,n) 

By dSSSD, it follows 

Vr{z,u) > 47r - ^, 
since the Euler number is even. Thus by (j5.28p . we get 

vol(Sp(l)) > vol(5(l)) - ^ > vol(So(l)) - ^. 

As a consequence, the volume -Bp(l) is close to one of -Bo(l)- Therefore, we 
also prove that -Bp(l) is close to Bq{1) by Corollary 14.81 
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D 



Proof of Theorerr \5.4\ Let e be a small number and 5 = 6{e) the constant 
determined in Proposition 15.51 For any y gY , we chose a sequence pj G Mj 
which approaches to y. Define a subset in Bp,^ (2) C Mj for < r by 

(5.30) Qm = {qe Bp^{2)\ ^ [ \Rm{g,)\ > 6s-' , 3s<9}. 

vol{Bg{s)) Jb^(s) 

Denote the limit of Qi{6) in Y by Q{9). We claim 
Claim 5.9. 

(5.31) Sj,(l) C 7^3, u Q(0) U 5„-_4. 

Suppose that the claim is not true. Then there exist a point -zGT^se U 
Q{e) U Sn-A and a tangent cone T^Y which is W'^ x C{X) for A: = 2 or 
3 and ^(^^(-^^^(l), i?o(l)) > 3e, where z^o = z. Thus there is a sequence 
Ti approaching such that {Y, — ; z) — t- TzY in Gromov-HausdorfF topology. 
Hence for large enough i, we have 

dGH{B;,{ri),Bo{ri)) > Ser,, 

dGH{Bz{lri), B(^a,x){lri)) < -nr], 

where r/ = 77(e) << 1 and / = /(e) >> 1 are both determined in Proposition 
15.51 For fixed i in the above inequalities, we take j large enough and choose 
a point Pj G Mj such that 

(5.32) dGH{Bp^{n),BQ{n))>2en 
and 

(5.33) dcniBp^ {lri),B^Q^^) {In)) < nrj. 

Applying Proposition 15.51 to the manifold Mj with rescaling metric — to- 
gether with the condition (j5.32p . we get 

(5.34) dGH{Bp^iri),Bo{ri))<€ri. 

But this is impossible by (|5.32p . The claim is proved. 

Let Q = r\e Qi^)- Then By{l) \ 7^2e C Q U Sn-4- Now we only need to 
estimate ?^"^^^(Q). Given j, by Vitali covering lemma, there is a collection 
of disjoint balls Bq^{sj) with 

,,^ , ,, / \Rm{gj)\ > 6s-' 

voliB,^isj))JB^^is,) ''"- ' 
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such that \J Bg.{5sj) ^ Qi{0). Using the Holder inequahty, we see 
(5.35) S.r^^ < "-^^^- 



It follows 



nr''{Q) < ^^^^^^^^ 



6P 

Let 6 approach 0, we get 'Hn-2p{Q)< oo- Since dim Sk < k, we finish the 
proof of Theorem 15.41 D 



6. Structure of singular set II: Case of Kahler metrics 

In this section, we study the limit space for a sequence of Kahler metrics 
arising from solutions of certain complex Monge- Ampere equations for the 
existence problem of Kahler-Ricci soliton on a Fano manifold via the con- 
tinuity method [TZl], [TZ2]. We assume that {M,g) is a compact Kahler 
manifold with positive first Chern class ci(M) > (namely, M is Fano), 
where Kahler form Ug of g is in 27rci(M). Then there exists a Ricci poten- 
tial h of the metric g such that 

Ric(5) -ujg = V^ddh, I e'^tj" = f w" = y. 

Jm Jm 

In [TZl], Tian and Zhu considered a family of complex Monge- Ampere 
equations for Kahler potentials (f) on M, 

(6.1) det(<7,j + %) = det(5,J)e'^-^--^W-*^ 

where t G [0, 1] is a parameter and 9x is a real valued potential of a reductive 
holomorphic vector field on M which is defined 



ddx = ix^g, I e^^w" = V, 
Jm 



according to the choice of g with Xx-invariant. The equations (j6.ip are 
equal to 

(6.2) 'Rlc{u^) - Lx(^<f, = tu^ + {l-t)ujg. 

Thus w^ defines a Kahler-Ricci soliton if (/> is a solution of (j6.ip at i = 1. It 
was proved the set I of t for which (j6.ip is solvable is open [TZl]. In the 
other words, there exists T < 1 such that / = [0,T). ()6.2p implies 

(6.3) Ric(w0) + ^/^dd{-ex{(k)) > tuj^, 

where Ox{(p) = Ox + X{(l)) is a potential of X associated to o;^, which is 
uniformly bounded [Zh]. 
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Lemma 6.1. \d{6x + X{(j)))\ = \X\^^ and Ag{9xi4')) are both uniformly 
bound by C{M,u},X), where Ag = ^A is a d-Lapalace operator associated 

to bJ^. 

Proof. We will use the maximum principle to prove the lemma. First we 
recall that Oxifj)) satisfies an identity [Fu], 

Ag[ex{4>)]+9x{<P) + X{h)=0, 

where /i is a Ricci potential of Kahler form uj^ at t. Note that 

h = exicl^) + {t - i)(i> 

by dnSD- Thus ex{4>) satisfies 

(6.4) Ag[9xm + \d9x{cp)\^ + 0xi^) = (1 - t)Xi^). 
By the Bochner formula, one sees 

AgiiBexm') 

= \VV9xm^ + 2Te{{d9x{^),dAgexm) + Ric (S^x (</>), 90x (</>)) 
It follows 

{Ag + X){\d9xm') 

= \VV9xm^ + 2rei{dex{<P),di^d(^x{cl>) + |5ex(0)|'))) 

+ (Ric - VV9xm(d9x{cp),d0xm. 

Thus by (j6.4p . we get 

(6.5) (A^ + XXldOxm^) = \VV9xm' - t\d9xm' - (1 - t)\X\l 
Note that 

ivv«;,(*)i=><^2?iM!>(i».vWP-c,)^ 



n n 

where Ci = maxjvf{|^x(<?^) ~ (1 ~ t)-^i4')\}- Apply the maximum principle 
to \d0xi4')\'^ ill (!6.5p . we derive at a maximal point of \d9xi4')\'^, 

(6.6) > -{\dexm^ - C7i)2 - t\d9x{(t>)\^ - C2. 

n 

Therefore, the gradient estimate of 9x{(f>) follows from the above inequality 
immediately. By (j6.4p . we also get the 9-Lapalace estimate of 9xi4>)- 

D 



By Lemma 16.1 1 and Theorem 15.11 we prove 
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Theorem 6.2. For any sequence of Kdhler metrics gt^ associated to solu- 
tions (pti of equations i6.1\) at t = ti £ I , there exists a subsequence which 
converge to a limit metric space Y in Gromov-Hausdorff topology. More- 
over, S{Y) = S2n-2- In particular, the complex codimension of singularities 
ofY is at least 1. 

Proof. We suffice to 

(6.7) volg,(5p(l)) >t;>0. VpeM. 

But this is just a consequence of apphcation of the Volume Comparison 
Theorem 11.21 since the diameter of 5ft is uniformly bounded by a result of 
Mabuchi [Ma]. D 

In a special case tj — t- 1 when / = [0, 1) in Theorem l6.21 we can strengthen 
Theorem 16.21 as follows. 



Theorem 6.3. Let gt^ he a sequence of Kdhler metrics in Theorem 1 6. S\ with 
tj — 7- 1. Then S(Y) = 52n-4- In particular, the complex codimension of 
singularities of Y is at least 2. 

I = [0, 1) can be guaranteed when the modified Mabuchi X-energy is 
bounded from below and X is an extremal holomorphic vector field which 
determined by the modified Futaki-invariant [TZ2]. This can be proved 
following an argument by Futaki for the study of almost Kahler-Einstein 
metric under an assumption that the Mabuchi i^-energy is bounded from 
below on a Fano manifold [Fu]. Thus as a corollary of Theorem 16. 3^ we have 

Corollary 6.4. Suppose that the modified K-energy is hounded from helow 
on a Fano manifold. There exists a subsequence of weak almost Kdhler-Ricci 
solitons on M which converge to a limit metric space Y in Gromov-Hausdorff 
topology. Moreover, the complex codimension of singularities ofY is at least 
2. 

It may be useful to introduce a more general sequence of Kahler metrics 
than one in Theorem 16.31 inspired by a recent work of Wang and Tian [WT] . 

Definition 6.5. We call a sequence of Kdhler metrics {Mi,Ji,gi) weak al- 
most Kdhler-Ricci solitons if there are uniform constants A and A such that 

i) Ric{gi) + VV/* > -A'si, VV/i = 0; 

ii) WfiWg, < A; 

Hi) lirai\\Ric{gi) - gi + VV/j||2,i(g,) -^ 0. 

Here ft are some smooth functions and they define reductive holomorphic 
vector fields on Fano manifolds {Mi,Ji). 
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Lemma 6.6. Let {gt^} be a sequence of Kdhler metrics in Theorem 1 6. B with 
tj — ;■ 1. Then {gti} is a sequence of weak almost Kdhler-Ricci solitons on 
M. 



Proof. By Lemma l6.lt it suffice to check the condition iii) in Definition 16.51 
In fact, we have 

/ |Ric(a;<^) - V^dd9xi<P) - uj^\ 

< / |Ric(a;^) - yf^ddex{(p) - toj^\ + n(l - t)vol(M) 

JM 

(Ric(a;^) - ^/^ddOxick) - toj^) A , ^ ^,, + n(l - t)vol(M) 
M (n-1)! 

= 2n(l - t)Vol(M) -^ 0. 

D 

We now begin to prove the following main result in this section. 

Theorem 6.7. Let {Mi,gi) be a sequence of weak alm,ost Kdhler-Ricci soli- 
tons. Suppose that there exists a point pi at each Mi such that 

(6.8) volMABpA'i^))>v>0. 

Then there exists a subsequence of {AIi,gi;pi) which converge to a limit 
metric space Y^o in pointed Gromov-Hausdorff topology. Moreover S{Y^) = 
S2n-4- In particular, the complex codimension of singularities of Y is at 
least 2. 

We need a lemma of e-regularity for the tangent cone to prove Theorem 
[67n 

Lemma 6.8. For any fj,o,e > 0, there exist small numbers 6 = 6{v,e,n), 
Tj = r]{v,€,n) , T = T{v,e,n) and a big number I = l{v,€,n) such that if a 
Kdhler m,anifold {M'^,g) satisfies 

i) Rici,{g)>-{n-iyg,VVf = 0, 
a) volg{Bp{l)) > Ho, 
iii) |V/| < r, 

vol[Bp{2)) Jb^^2) 
v) dGHiBp{l),B^Q^^){l)) <r], 

where BtQ,j.\(l) is a l-radius ball in cone M^'"~^ x C{X) centered at the vertex 
(0, x) for some metric space X , then 

(6.9) dGHiBpil),B{l))<e. 
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Proof. The proof of Lemma 16.81 is a modification to one of Proposition 15.51 
Note that X is a circle of radius t in present case. It suffices to show that t 
is close to 2tt by Lemma 14.81 Let $ = {hi, ..., /i2n-2) and F = (<I>, u) be two 
maps constructed in Proposition 15.51 By Proposition 18.41 in Appendix 2, we 
may also assume 

(6.10) / |V/i„_i+, -JV/i,|2<^(r,e, j;t;). 

JBp{3) ' 

We shall compute the differential characteristic ciy of tangent bundle 
{TM, V) restricted on r-^{z,u) = <^-^{z) n C/„ with fixed z (cf. [C3]), 
where V is the Levi-Civita connection on TM and (z, u) is a regular point 
of r such that both Lemma 15.71 and Lemma 15.81 hold. It is easy to see that 
by the coarea formula and the condition iv), the set 

D = {z\ ^ (z) n ?7„ is a regular surface in M and 

(6.11) / |Ric(5) + VV/l<C(^} 

has a positive volume in M^"^^ for some constant c which depends only on 
n. 

For each z G D, we have the estimate 

I / Ric {u}g)\ 

J<s>-'^{z)nUu 



< I |Ric(5) + VV/I + I / V^ddf\ 

3.12) <cS+ [ \Vf\<c6 + vol{r~\z,u))T. 



Since 



/ ci^ = / Ric {ujg), mod Z, 

Jr-^(z,u) ' y*-i(z)nJ/„ 

we get 

(6.13) / c{^ = ^, mod Z. 

To compute the left term of (j6.13p . we will decompose the tangent bundle 
(TM, V) over r~^{z,u) as follows. 
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By our construction of the map T, using the coarea formula, we may 
assume that 



i) [ \{Vhi,Vhj) - 6ij\ <^, 

jr-i(2,M) 

ii) / |hess hi\ < ^, 

Jr-i(z,«) 

m) / \{Vu^,Vhj)\ <*, 

Jr-^{z,u) 

iv) [ |V(Vu2,V/ij)| <^. 



'r-i(z,u) 

Since r~^{z,u) is one dimensional manifold with bounded length, the con- 
ditions i- ii) and iii-iv) imply 

\{Vhi,Vhj) -6ij\ and \{Vu^,Vhj)\ 

are both small on T^^{z,u), respectively. Moreover, applying the coarea 
formula to (j6.10p together with the above condition ii), we also get 

\Vhn-i+t-JVhi\ < ^. 

Hence by using the Gram-Schmidt process, we obtain (2n — 1) orthogonal 
sections of TM over r^^{z,u), 

ei,J(ei) (l<i<n-l),N 

from sections V/ij (1 < i < n — 1), Vu. Denote E to be the sub-bundle 
spanning by e^, J(ei) and decompose TM into 

(6.14) TM = EeE^ 

where E is the orthogonal complement of E. We introduce a Whitney sum 
connection V' on TM over T~^{z,u) by combining two projection connec- 
tions on E and E , which are both induced by V. Then by the condition 
ii), it is easy to show 

(6.15) f |V-V'|<^, 

Jr-'^{z,u) 

where V — V is regarded as a 1-form on End (TM). Also we can introduce 
another connection V" which is flat on E. Namely, V" satisfies 

V"{ei) = V"(J(e.)) = 0. 
Similar to (j6.15p . we have 

(6.16) / |V"-V'|<*. 

ir-i(z,u) 



44 FENG WANG AND XIAOHUA ZHU* 

Therefore, combining ()6.15p and (I6.16p . we derive 

\{c^' -C^)(r-i(z,n))| « 1. 

On the other hand, by the flatness of V" on E over T~^{z, u), the quantity 
2Trciy'{T~^{z,u)) is just equal to the holonomy of the connection around 
r~^{z,u) (measured by angle), 

(6.17) 27r5^,{r-\z,u))= [ (V:^N,JN), 

yr-i{2,-u) 

where X is the unit tangent vector of T~^{z,u). Thus by the choice of N 
together with ()6.15p . ()6.16p and (j5.26p . we see that the angle is close to 
the length of T~^{z,u). By (|6.13p . it follows that ™ ^ 2n ^^ close to 

zero modulo integers. Hence, the non-collapsing of BfQ,j.\{l) implies that 
vol(r~^(2;,u)) is close to 27r. Consequently, we prove that t is close to 27r by 
(j5.19p in Lemma 15.71 

D 



Proof of Theorem \6.7\ By the Volume Comparison Theorem 11.21 for any 
r < 1, we have 

vo\g^{vol{Bp{r)) > Aor", V p G Mi, 

where Aq depends only on the constants A, A, v in Definition 16.51 Thus by 
Gromov's compactness theorem [Gr], there exists a subsequence of {Mi,gi;pi) 
which converge to a metric space Yoq in pointed Gromov-HausdorfF topology. 
In the remaining, we show that 5(Yoo) = 52n-4- We will use an argument 
by the contradiction. On the contrary, for a ball By(l) C Y, by Proposition 
18.51 in Appendix 2, there exists a point z £ S Ci By{l) ^ 5*2^-4 and there 
exists a sequence {rj} (r^ — )• 0) such that {¥, -^; z) converge a tangent cone 

i 

TzY = M^'^"^ X C{X). This imphes that exists an e > such that the unit 
metric ball B^^iX) C TzY centered at Zqo — -^ satisfies 

(6.18) dGH(.B,^{l),B{l))>2e, 

and for any / >> 1 and e << 1 one can choose sufficiently large numbers i 
and k such that 

(6.19) dGHiB,,{l),B{l))>e, 

dGH{B.S),B^O,x){l))<V, 

where z^ € M^ — >• z G F as A; — >• oo, and -^^^.(l) and Bz,,{l) are two balls 
with radius 1 and / respectively in (M^, %) = {Mk,gk) ■ On the other hand, 
by using the Volume Comparison Theorem 11.21 for fixed i, we can choose 
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large enough k such that 



Since 



r? 



/ \9k\dvgi^ < c{n,C)rf, 



we have 

(6.20) } I iRic^) + VV/feMvg, < <^. 

vo1(S^,(2))7b,J2) 

Hence, for large k, {Mk^gk) satisfies the conditions i-v) in Lemma 16.81 ^^d 
consequently, we get 

dGH{B,,{l),B{l))<e, 
which is a contradiction to (j6.19p . The theorem is proved. D 

Theorem 16.31 follows from Theorem 16.71 with the help of Lemma 16.61 and 
the relation (|6.7p . 

7. Appendix 1 

This appendix is a discussion about how to use the technique of conformal 
transformation as in [TZh] to prove Theorem l6.2l and Theorem l6.3l in Section 
6. We would like to emphasis on the different situation after the change of 
Ricci curvature by conformal transformation. 

First, Theorem 16.21 can be proved by using the conformal technique. In 
fact, by the formula of Ricci curvature for conformal metric e^^g, 

Ric (e2"5) 

(7.1) = Ric {g) - (n - 2)(hess u-du®du) + (An + (n - 2)\Vu\^)g, 

f 2/ 

the condition Ric ^,j{g) > —C implies that Ricci curvature Ric (e '^-^ g) of 

2/ 

conformal metric e "^^g is bounded from below if both V/ and A/ are 
bounded. Thus by Lemma l6.H we see that 

29^ (0i) 

Ric (e "-2 g^) 

is uniformly bounded from below. Hence, Theorem [62] follows from Theorem 
6.2 in [CC2] immediately. 

Secondly, following the proof of Theorem 5.4 in [C3], Lemma 16.81 with 
an additional condition v) |A/| < r can be proved by using the conformal 
change of the bundle metric. We note that the condition v) can be guar- 
anteed for the Kahler manifolds {M,gt) in Theorem 16.31 with blowing-up 



46 FENG WANG AND XIAOHUA ZHU* 

26x(M 

metrics. Thus by (|7.ip . Ricci curvature of blowing-up metric of e "-2 ^f^ is 
almost positive. 

For a Kahler manifold {M,g,J), the (l,0)-type Hermitian connection V 
on the holomorphic bundle (TM, h) is same as the Levi-Civita connection, 
where h is the Hermitian metric corresponding to g. Then ciy of (TM, h) 
is the same as the Ricci form of g. If we choose a Hermitian metric e'^g for 
a smooth function ip, then 

V = V + ^V' 

is the corresponding (l,0)-type Hermitian connection. It follows 

F^ =F^ + ddi/j 
and 

(7.2) \/^tr(F^) = y/^tr{F^) - nV^dd4>, 

where F (F ) denotes the curvature of the connection V (V) on TM. 
Thus by putting "0 = ~i^/ aiid using (j7.2p . we have 

(7.3) c^{T-\z,u))= I \Ric{u}g) + y/^ddf\, modZ, 

where the map T is defined as in Section 5 and Section 6 for the conformal 

2/ _ 

metric g = e "-'^g. Thus c-,^ y(r~ (z,u)) is small modulo integers. More- 
over, by Theorem 3.7 in [CCT] (compared to Lemma 15.81 in Section 5) , it 
holds 

C^-^) T77 V / |nr-i(.,«) - u-^9r-Hz,u) ® Vup < ^. 

Vt[z,u) Jr-^z,u) 

On the other hand, since the Ricci curvature of g is almost positive, for 

the connection V, we can follow the argument in proof of Theorem 5.4 [C3] 

to show that the quantity 27rc^{T~^{z, u)) is close to a holonomy of another 

perturbation connection V" of V around T~^{z,u) (also see the argument 

in proof of Lemma 16. 8p . The late is close to 

nr-i(^,«)- 
/r-i(z,w) 

Thus combining (|7.3p and (|7.4p . we get 

kX^(r-(..u))- ''°'<'';'j---"» |<^. 

It follows that the diameter of section X in two dimensional cone C{X) with 
rescaled cone metric is close to 27r. Thus the Gromov-Hausdorff distance 
between Bp{l) and BfQ.j.\{l) both with rescaled metrics is close to zero. By 
Theorem 9.69 in [CI], we prove Lemma 16.81 with the additional condition 
v). Theorem 16 . 3 1 follows from applying Lemma fG.SI to the sequence {{M,gt)} 
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(t — )■ 1) with blowing-up metrics, for details to see the proof of Theorem [67 
in the end of Section 6. 

8. Appendix 2 

In this appendix, we prove ()6.10p in Section 6. We need several lemmas. 
First, as an application of Lemma 12.51 we have 



Lemma 8.1. Under the conditions of Lemma \2.4\ for a vector field X on 
Ap{a,b) which satisfies 

(8.1) \X\coiAAa,b)) < D, I [ \VX\^dvf < 6, 

voU {Ap{a,b)) JAp{a,b) 

there exists a f -harmonic function 6 defined in ^^(02,62) such that 

(8.2) 

/ \V9 - X\'^di/ < '^{e,uj,6;A,ai,bi,a2,a,b), 

J A„(ao,,bo) 



1 



vol -^(^^(02, 62)) JApiaiM 

and 

7 / I /less 6*1 du' 

vol^Ap{a3,b-i) JApiaaM 

(8.3) < ^(e,a;,5;yl, 01,61,02,62, 03, 63,0,6), 

where ^p(a3,63) is an even smaller annulus in ^^(02, 62). 

Proof. Let h be the /-harmonic function constructed in (I2.12P in Section 2 
and 01 = {X,Vh). Then 

V^i = {VX,Vh) + (X,hess h), 

It follows 



/ IV^i-Xpdy/ 

J Ap{a2,b2) 

< 2 / {{VX, Vhfdvf + {X, hess h - gf)dvf. 

J Ar,(ao..b9.) 



I Ap(a2,b2) 

Thus by (j8.1|) and Lemma 12.51 we get 

(8.4) — i / |V0i - X\^dwf < ^. 

vol ■^(Ap(02,62)) JApiaiM) 

Let be a solution of equation, 

(8.5) A^0 = O, inAp(a2,62), 
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with 6* = ^1 on dAp{a2, ^2)- Then 



f {{ve - vei,x) + {6- 0i)div x)dvJ 

J AJa2,b2) 



div {{e - di)X)dvf = {0- 9i){Vf,X)dYf. 

Ap{a2,b2) J Ap{a2,h2) 



It follows 



(8.6) j {ve-vei,x)dvf <^. 



'Ap{a2,b2) 

On the other hand, since 



/ {VOi - Ve, Ve)dvf = f {e- 9i)Af9dYf = 0, 

JAr,(a2,b2) ■JAr,(a2,b2) 



ip{a2,b2) JAp{a2,b2) 

we have 



/ \ve\^dwf = j {ve,vei)dvf. 



'Ap{a2,b2) JAp(a2,b2) 

By the Holder inequality, we get 



/ \ve\'^dv^ < I \vei\^dwf < C. 

J Aniao.bo) J A„(ao.b9.) 



' Ap{a2,b2) J Ap{a2,b2) 

Hence, 



I {V9 - Xfdv^ 

J Ap{a2,b2) 

I {\ve\^ + \x\^ -2{ve,x))dv' 

J Ap{a2,b2) 

I ((V0,Vei) + |X|2-2(Ve,X))dv' 

J Aj^iaoM) 



'Ap(a2,b2) 

ip(a.2,b2) 

rf 

ip (02,^2) 

(8.7) 

= / ((v^i - X, V9) + {x,x - vOi) + {X, vOi - ve))dyf. 

J Ap{a2,b2) 

Therefore, combining (j8.ip and ()8.6p . we derive ()8.2p immediately. 

To get (j8.3p . we choose a cut-off function which is cf) supported in Ap{a2-, 62) 
with bounded gradient and /-Lapalace as in Lemma 11.41 in Section 1. Then 
by the Bochner identity, we have 



/ -0A-^|V0|2dv^ = I (/)(|hess 0p + Ric (V0, V9))dvf. 



I Ap{a2M) ^ J Ap{a2M) 

Since 



\ i^A^lXpciv^ = - /" (V,/.,(X,VX))civ^ 
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we obtain 

f (/>(|hess ei'^dv^ < I -0A-^(|V^p - \X\^)dwf 

JAp{a2,b2) JAp{a2,b2) ^ 

(8.8) + ^(e, u, 5; A, ai, 61, 02, 62, as, h, a, b). 



Therefore, using integration by parts, we derive (j8.3p from (j8.2p . D 

Next, we generalize Proposition 13.61 to the case without the assumption 
of the existence of an almost line. 



Lemma 8.2. Let {M,g) be a Riemannian manifold which satisfies 113. ^ 
Let h~^ be a f -harmonic function which satisfies 

(8.9) \Vh+\<c{n,A,A), 



volf{Bp{l)) 7bp(i) 



(8.11) -—J- -— / l/iess/i+p < <5. 

^ ^ r;o//(i?p(l)) L^(i) ' ' 

Then there exists a ^((5; A, A, n) Gromov-Hausdorff approximation from Bp{-^) 
toS(Oxx)(|)cMxX. 

The proof of Lemma 18.21 depends on the following fundamental lemma 
which is in fact a consequence of Theorem 16.32 and Lemma 8.17 in [CI]. 



Lemma 8.3. Under the condition i3.3\) . for a f -harmonic function /i+ 
which satisfies i8.9\) . i8.10\) and i8.11\) in Bp(l), there exists a Lipschitz 
function p in Bp{j) such that \h~^ — p\ < ^ and 

(8.12) Mz)-t\-diz,p-\t))\<^. 

Proof. First, we notice that the following Poincare inequality holds for any 
C^-function h, 

\h — a\ dw* 



^o\f{Bp{\)) JbpC^) 
.13) <c{n,A,A)—j-^-—[ \Vh\^d^f, 



where 



vo. 



^^{Bp{^) JBpil) 



hdv 



f 
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This is in fact a consequence of Lemma 13.31 by applying the function e to 
|V/ip, because 

^ \h{x) - a\'^dv^ 



vol/(i?p(l)) Jb^C,) 



^ ^ Mi—TT^TTTT^I ihix)-hiy))dvl^' 



vol^(5p(i)) Jb,(1) "^ol/(Bp(i)) Jb,(1) 
YoV{Bp{\)) Jb,{\) Yo\i{Bp{\)) Jb,(\) 

- vol/(i?,(i)) ^,(1) vol/(i?,(i)) ^,(1)70 
<c(n,A,A) I I iV/^l^dv/. 

V0P(Bp(l)) JiJj,(l) 

Thus by taking h = jV/i+p, we get from (fOjl - ffKTT]) . 

(8.14) ,,,^,1,, / llV/i+P - l|dv/ < ^. 

Next we apply Theorem 16.32 in [CI] to h^ with the condition (j8.9p . 
(jS.lOp and (|8.14p . We suffice to check a doubling condition for the measure 
dv-^ and an (e, 5)-inequality. The (e, 5)-inequality says, for any e,6 > and 
two points x,y G M with d(x, y) = r, there exist Cf^^s ^^^ another two points 
x',y' with d{x',x) < Sr and d{y',y) < 6r, respectively such that 

(8.15) F^,{z[,z',)< .fl'Ln^o^ ^^ I '^^^^' 

VOF (S^,((l + (5)(1 + 2e)r)) J B,^({l+5){l+2e)r) 

where 

F^,e(x,y) = inf / 4>{c{s))ds, V </>(> 0) G C°(M), 

JO 
and the infimum takes among all curves from x to y with length / < (1 + 
€)d{x, y). The doubling condition follows from Volume Comparison Theorem 
11.21 and (e, (5)-inequality follows from Volume Comparison Theorem 1 1 . 2 1 and 
the segment inequality in Lemma 13.31 Thus we can construct a Lipschitz 
function p from h~^ such that |/i^ — p| < ^. Moreover, by Lemma 8.17 in 
[CI], we get (f8T2]) . D 

Proof of Lemma \8.2[ As in the proof of Proposition 13.61 we define X = 
{h'^)~^{0) and the map u by 

u{q) = {h+{q),Xq), 

where Xq is the nearest point in X to g. To show that u is a Gromov- 
Hausdorff approximation, we shall use Lemma 13. 2[ In fact, by (I8.12P in 
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Lemma EU we see 

(8.16) \\h+{z) -t\- d{z, (,h+)-\t))\ < *. 

Then instead of ()3.ip by (I8.16P , Lemma 13.21 is still true since (jS.lip holds 
[C2]. Hence the proof in Proposition 13.61 works for Lemma |8.2[ D 

Now we begin to prove (j6.10p in Section 6. Let (M, g) be a Kahler mani- 
fold which satisfies ^M). Let Bp{l) C M and -B(oxa.)(0 ^ R^""^ x X be two 
/-radius distance balls as in Section 6. Then 

Proposition 8.4. Suppose that 

(8.17) (iGH(Sp(0,S(oxx)(0)<^- 

Then either -Bp(g) is close to an Euclidean ball in Gromov-Hausdorff topol- 
ogy or for a suitable choice of the orthogonal coordinates in M^"~^, the map 
$ constructed in Section 5 satisfies 

(8-18) ,fL ,-,, [ |V/l„-l+i - JVhil^dvf < ^{t, 7], Y,v). 

voUBp{l) Jb^(i) I 

Proof. Roughly speaking, if the space spanned by V/ii is not almost J in- 
variant, we can find a vector field nearly perpendicular to these V/ij, and it 
satisfies the condition (|8.ip in Lemma |8. II Then by Proposition 18.21 Bp{l) 
will be almost split off along a new line. This implies that -Bp(g) is close to 
an Euclidean ball. 

Let y be a (4n — 4)-dimensional line space spanned by V/ij, JV/ij with 
the L^-inner product. 



{bi,bj)L2 = / {bi,bj)d\. 

JBp{l) 

Then J induces an complex structure on V such that the inner product is 
J-invariant. We introduce a distance in Grassmanian G{2n, k) as follows, 

(8.19) d(Ai,A2)2 = ^||pri,(e,)||i. 

for any two fc-dimensional subspaces Ai,A2 in M^", where e, is an unit 
orthogonal basis of Ai and prj^ is the compliment of orthogonal projection 
to A2. First we suppose that 

d{W,iWf <*, 

where W = span{'Vhi\i = 1, 2, ..., 2n — 2}. Then by Gram-Schmidt process, 
one can find a unit orthogonal basis Wi of W such that 

\\3Wi - Wn-l+iWL'^ < ^. 
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It is equivalent to that there exists a matrix Ojj G GL(2n — 2,M) which is 
nearly orthogonal such that 

Wi = 'Sjaij'Vhj. 

Thus by changing an orthogonal basis in M^"^^, (18.18P will be true. 
Secondly, we suppose that 

d{W,3W) >6o. 

This implies that there exists some j such that 

\\pr^{3Vhi)\\L2 = \\3Vhi-prw{JVhi)\\L2 > -^ 



2n 



Let 



.20) X 



P^wi^^hi 



Then pr^^{3Vhi) is perpendicular to W with ||pr^(JV/ii)||i2 = 1 and it 
satisfies the condition (j8.ip in Lemma l8.ll Thus we see that there exists a 
/-harmonic function 9 which satisfies the conditions (|8.9p . (|8.10p and (j8.1ip 
in Lemma 18.21 As a consequence, -Bp(g) will almost spilt off along a new 
line associated to the coordinate function 9. Since X G W-^, -Bp(|) in fact 
split off M?^~^ almost. But the late implies that -Bp(|) is close to an Eu- 
clidean ball in Gromov-Hausdorff topology by using a topological argument 
as in Theorem 6.2 in [CC2] or by the following Proposition 18.51 for Kahler 
manifolds. 

D 

By using the similar argument in Proposition 18.41 we prove 

Proposition 8.5. Let Y be a limit space of a sequence of Kahler manifolds 
in Theorem \5.1[ Then 

S{Y) = S2k+i = S2k- 

Proof. We suffice to show that if a tangent cone TyY at a point y ^Y can 
split off M2^+\ TyY can split off M^^+s. Let hi be 2k+l /-harmonic functions 
which approximate 2k + 1 distance functions with different directions as 
constructed in Section 2 and Section 3. Then as in the proof of Proposition 
18.41 we consider a linear space V = spanjV/ij, JV/ij} with L^-inner product. 
Since the dimension oiW = span{V/ij} is odd, we have 

d{W,3W) > 1. 

Thus TyY will split off a new line. The proposition is proved. 

D 



on the structure of spaces with bakry-emery ricci curvature bounded below 

References 

[BE] Bakry, D. and Emery M., Diffusions hypercontractives, In Seminaire de probabilites, 

XIX, 1983/84, Lecture Notes in Math., vol. 1123, 177-206, Springer, Berlin, 1985. 

[CI] Cheeger, J., Differentiability of Lpischitz functions on metric measure spaces, GAFA 

Vol. 9 (1999), 428-517. 

[C2] Cheeger, J., Degeneration of Riemannian metrics under Ricci curvature bounds, 

Scuola Normale Superiore, Pisa (2001). 

[C3] Cheeger, J., Integral bound on curvature, epplictic estimates and rectifiability of 

singular sets , GAFA Vol. 13 (2003), 20-72. 

[CCl] Cheeger, J. and Colding, T., Lower bounds on Ricci curvature and almost rigidity 

of warped product, Ann. of Math. 144 (1996), 189-237. 

[CC2] Cheeger, J. and Colding T., On the structure of spaces with Ricci curvature 

bounded below I, J. Differential Geom. 45 (1997), 406-480. 

[CC3] Cheeger, J. and Colding, T., On the structure of spaces with Ricci curvature 

bounded below II, J. Differential Geom. 54 (2000), 13-35. 

[CCT] Cheeger, J. , Colding, T. and Tian, G., On the singularities of spaces with bounded 

Ricci curvature, GAFA Vol. 12 (2002), 873-914. 

[Co] Colding, T. , Ricci curvature and the volume convergence, Ann. of Math. 145 (1997), 

477-504. 

[Fu] Futaki, A., Kahler-Einstein metrics and integral invariants. Lecture notes in Math, 

vol. 1314 (1988), Springer- Verlag, Berlin, New- York. 

[Gr] Gromov, M., Structures metriques pour les varietes riemanniennes. Edited by J. 

Lafontaine and P. Pansu. Textes Mathematiques, 1. CEDIC, Paris, 1981. 

[Ha] Hamilton, R. S., The formation of singularities in the Ricci flow, Surv. Diff. Geom., 

vol. 2 (1995), 7-136, International Press. 

[Ma] Mabuchi, T., Multiplier hermitian structures on Kahler manifolds, Nagoya Math. 

J. 170 (2003), 73-115. 

[SY] Scheon, R. and Yau, S.T., Lectures on Differential Geometry, Conf. Proc. and 

Lecture Notes in Geometry and Topology, vol. 1 (1994), International Press. 

[TZl] Tian, G. and Zhu, X.H., Uniqueness of Kahler- Ricci soltions. Acta Math., 184 

(2000), 271-305. 

[TZ2] Tian, G. and Zhu, X.H., A new holomorphic invariant and uniqueness of Kahler- 

Ricci solitons. Comment. Math. Helv. 77 (2002), 297-325. 

[TZh] Tian, G. and Zhang, Z., Degeneration of Kahler Ricci solitons. Intern. Math. Res. 

Notices, 2012, 957-985. 

[TW] Tian, G. and Wang, B., On the structure of almost Einstein manifolds, ar- 

xiv.1202.2912. 

[WW] Wei, G. and Wylie, W., Comparison geometry for Bakry-Emery Ricci curvature, 

J. Differential Geom. 83 (2009), 337-405. 

[Zh] Zhu, X.H., Kahler- Ricci soliton type equations on compact complex manifolds with 

Ci(M) > 0, J. Geom. Anal., 10 (2000), 759-774. 

Feng Wang, School of Mathematical Sciences, Peking University, Beliing, 
100871, China 

XiAOHUA Zhu, School of Mathematical Sciences and BICMR, Peking Univer- 
sity, Beijing, 100871, China, xhzhu@math.pku.edu.cn 



